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Abstract: 

This paper is devoted to the study of new class of sets called an intuitionistic fuzzy 

e^⋆-locally closed sets, intuitionistic fuzzy e^⋆ G_δ-set, intuitionistic fuzzy e^⋆ 

G_δ-locally closed sets and intuitionistic fuzzy G_δ-locally closed sets are introduced 

and studied. Also the concepts of an intuitionistic fuzzy G_δ-e^⋆-locally closed set, 

intuitionistic fuzzy subspace, intuitonistic fuzzy G_δ-e^⋆-local-δ-semi (resp., δ-pre and 

β) spaces are introduced and interesting properties are established. In this connection, 

interelations are discussed. Examples are provided where necessary. 
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G_δ-sets,Intuitionistic fuzzy e^⋆ G_δ-locally closed set, Intuitionistic fuzzy 
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intuitionistic fuzzy G_δ-e^⋆-δ semi(resp., δ-pre and β) spaces. 
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I. Introduction  The concept of fuzzy sets 

was introduced by Zadeh [15] and Atanassov [1] 

introduced and studied intuitionistic fuzzy sets 

(briefly, ℐℱ𝒮 ). On the other hand, Coker [4] 

introduced the notions of an intuitionistic fuzzy 

topological spaces (briefly, ℐℱ𝒯𝒮 ), intuitionistic 

fuzzy continuity and some other related concepts. 

The concept of an intuitionistic fuzzy 𝛼-closed set 

was introduced by Biljana Krsteshka and Erdal Ekici 

[9]. The first step of locally closedness was done by 

Bourbaki [3]. Ganster and Relly used locally closed 

sets in [8] to define LC-continuity and 

LC-irresoluteness. Roja, Uma and Balasubramanian 

[2] discussed fuzzy 𝐺𝛿  continuous functions. The 

initiations of 𝑒⋆ -open sets, 𝑒⋆ -continuity and 

𝑒⋆ -compactness in topological spaces are due to 

Ekici [5, 6, 7]. In fuzzy topology, 𝑒⋆-open sets were 

introduced by seenivasan in 2014 [12]. Sobana et.al 

[13] were introduced the concept of fuzzy 𝑒⋆-open 

sets, fuzzy 𝑒⋆-continuity and fuzzy 𝑒⋆-compactness 

in intuitionistic fuzzy topological spaces (briefly., 

IFTS’s). In this paper we introduce the concepts of 

an intuitionistic fuzzy 𝑒⋆ -locally closed sets, 

intuitionistic fuzzy 𝑒⋆𝐺𝛿 -sets, intuitionistic fuzzy 

𝑒⋆𝐺𝛿 -locally closed sets and intuitionistic fuzzy 

𝐺𝛿 - 𝑒⋆ -locally closed sets in IFTS’s. Also the 

concepts of an intuitionistic fuzzy 𝐺𝛿 - 𝑒⋆ -locally 

closed intuitionistic fuzzy subsapce, intuitionistic 

fuzzy 𝐺𝛿 - 𝑒⋆ -local 𝑇1

2

 space, intuitionistic fuzzy 

𝐺𝛿-𝑒⋆-local 𝛿-semi (resp., 𝛿-pre and 𝛽) spaces are 

introduced and studied. Some interesting properties 

and interrelations among sets and spaces are 

discussed with necessary examples. 

 II. Preliminaries  

 

Definition 2.1 [1] Let 𝑋  be a nonempty 

fixed set and 𝐼 the closed interval [0, 1]. An ℐℱ𝒮 𝔄 

is an object of the following form 𝔄 =
{⟨𝑥, 𝜇𝔄(𝑥), 𝛾𝔄(𝑥)⟩: 𝑥 ∈ 𝑋} , where the mapping 

𝜇𝔄: 𝑋 → 𝐼  and 𝛾𝔄: 𝑋 → 𝐼  denote the degree of 

membership (namely 𝜇𝐴(𝑥)) and the degree of non 

membership (namely 𝛾𝔄(𝑥)) for each element 𝑥 ∈
𝑋  to the set 𝔄 , respectively, and 0 ≤ 𝜇𝔄(𝑥) +
𝛾𝔄(𝑥) ≤ 1 for each 𝑥 ∈ 𝑋. Obviously, every fuzzy 

set 𝔄  on a nonempty set 𝑋  is an IFS of the 

following form,𝔄 = {⟨𝑥, 𝜇𝔄(𝑥), 1 − 𝜇𝔄(𝑥)⟩: 𝑥 ∈ 𝑋}. 

For the sake of simplicity, we shall use the symbol 

𝔄 = {⟨𝑥, 𝜇𝔄(𝑥), 𝛾𝔄(𝑥)⟩  for the ℐℱ𝒮  𝔄 =
{⟨𝑥, 𝜇𝔄(𝑥), 𝛾𝔄(𝑥)⟩: 𝑥 ∈ 𝑋}.  

Definition 2.2 [1] Let 𝔄 and 𝔅 be ℐℱ𝒮’s 

of the form 𝔄 = {⟨𝑥, 𝜇𝔄(𝑥), 𝛾𝔄(𝑥)⟩: 𝑥 ∈ 𝑋}  and 

𝔅 = {⟨𝑥, 𝜇𝔅(𝑥), 𝛾𝔅(𝑥)⟩: 𝑥 ∈ 𝑋}. Then   

    1.  𝔄 ⊆ 𝔅  if and only if 𝜇𝔄(𝑥) ≤
𝜇𝔅(𝑥) and 𝛾𝔄(𝑥) ≥ 𝛾𝔅(𝑥);  

    2.  𝔄 = {⟨𝑥, 𝛾𝔄(𝑥), 𝜇𝔄(𝑥)⟩: 𝑥 ∈ 𝑋};  
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    3.  𝔄 ∩ 𝔅 = {⟨𝑥, 𝜇𝔄(𝑥) ∧
𝜇𝔅(𝑥), 𝛾𝔄(𝑥) ∨ 𝛾𝔅(𝑥)⟩: 𝑥 ∈ 𝑋};  

    4.  𝔄 ∪ 𝔅 = {⟨𝑥, 𝜇𝔄(𝑥) ∨
𝜇𝔅(𝑥), 𝛾𝔄(𝑥) ∧ 𝛾𝔅(𝑥)⟩: 𝑥 ∈ 𝑋};  

Definition 2.3 [1] The ℐℱ𝒮’s 0    ∼ and 1    ∼ 

are defined by , 0    ∼ = {< 𝑥, 0, 1 >: 𝑥 ∈ 𝑋}  and 

1    ∼ = {< 𝑥, 1, 0 >: 𝑥 ∈ 𝑋}.  

Definition 2.4 [4] An intuitionistic fuzzy 

topology (ℐℱ𝒯) in Coker’s sense on a nonempty set 

𝑋  is a family 𝛤  of ℐℱ𝒮 ’s in 𝑋  satisfying the 

following axioms:   

    1.  0    ∼, 1    ∼ ∈ Γ;  

    2.  𝔊1 ∩ 𝔊2 ∈ Γ, for any 𝔊1, 𝔊2 ∈ Γ;  

    3.  ∪ 𝔊𝑖 ∈ Γ  for any arbitrary family 

{𝔊𝑖: 𝑖 ∈ 𝔍} ⊆ Γ.  

In this paper by (𝑋, Γ) or simply by 𝑋 we 

will denote the ℐℱ𝒯𝒮. Each ℐℱ𝒮 which belongs to 

Γ  is called an ℐℱ  open set ( ℐℱ𝒪𝒮 ) in 𝑋 . The 

complement 𝔄  of an ℐℱ𝒪𝒮  𝔄  in 𝑋  is called an 

ℐℱ closed set (ℐℱ𝒞𝒮) in 𝑋. 

Definition 2.5 [4] Let (𝑋, 𝛤) be an ℐℱ𝒯𝒮 

and 𝔄 = {< 𝑥, 𝜇𝔄, 𝜈𝔄 >: 𝑥 ∈ 𝑋} be an ℐℱ𝒮  in 𝑋 . 

Then the ℐℱ  closure and ℐℱ  interior of 𝔄  are 

defined by   

    1.  𝑐𝑙(𝔄) = ⋂ {ℭ: ℭ isan  IFCS 

𝑖𝑛 𝑋and ℭ ⊇ 𝔄};  

    2.  𝑖𝑛𝑡(𝔄) = ⋃ {𝔇: 𝔇 isan  IFOS 

𝑖𝑛 𝑋and 𝔇 ⊆ 𝔄};  

 It can be also shown that 𝑐𝑙(𝔄)  is an 

ℐℱ𝒞𝒮 , 𝑖𝑛𝑡(𝔄)  is an ℐℱ𝒪𝒮  in 𝑋  and 𝔄  is and 

ℐℱ𝒞𝒮  in 𝑋  if and only if 𝑐𝑙(𝔄) = 𝔄 ; 𝔄  is an 

ℐℱ𝒪𝒮 in 𝑋 if and only if 𝑖𝑛𝑡(𝔄) = 𝔄  

Definition 2.6  [14] Let 𝔄 be ℐℱ𝒮  in an 

ℐℱ𝒯𝒮 (𝑋, 𝛤). 𝔄 is called an   

    1.  ℐℱ regular open set (briefly 𝐼𝐹𝑅𝑂𝑆) 

if 𝔄 = 𝑖𝑛𝑡𝑐𝑙(𝔄)  

    2.  ℐℱ  regular closed set (briefly 

𝐼𝐹𝑅𝐶𝑆) if 𝔄 = 𝑐𝑙𝑖𝑛𝑡(𝔄)  

 Definition 2.7 [2] Let (𝑋, 𝛤)  be a fuzzy 

topological space and 𝔄 be a fuzzy set in 𝑋. 𝔄 is 

called 𝐺𝛿  set if 𝔄 = ⋂∞
𝑖=1 𝔄𝑖  where each 𝔄𝑖 ∈ 𝑇. 

The complement of fuzzy 𝐺𝜆 is fuzzy 𝐹𝜎  

Definition 2.8  [14] Let (𝑋, 𝛤)  be an 

ℐℱ𝒯𝒮  and 𝔄 = 〈𝑥, 𝜇𝔄(𝑥), 𝜈𝔄(𝑥)〉 be a ℐℱ𝒮  in 𝑋. 

Then the fuzzy 𝛿  closure of 𝔄  are denoted and 

defined by 𝑐𝑙𝛿(𝔄) =∩ {𝔎: 𝔎  is an ℐℱℛ𝒞𝒮  in 𝑋 

and 𝔄 ⊆ 𝔎} and 𝑖𝑛𝑡𝛿(𝔄) =∪ {𝔊: 𝔊 is an ℐℱℛ𝒪𝒮 

in 𝑋 and 𝔊 ⊆ 𝔄}.  

Definition 2.9 [13] Let 𝔄 be an ℐℱ𝒮 in an 

ℐℱ𝒯𝒮 (𝑋, 𝛤). 𝔄 is called an ℐℱ 𝛿-semiopen (resp. 

𝛿 -preopen, 𝛽 -open) set ( ℐℱ𝛿 SO (resp. ℐℱ𝛿 PO, 

ℐℱ𝛽O), for short), if 𝔄 ⊆ 𝑐𝑙(𝑖𝑛𝑡𝛿(𝔄)) (resp. 𝔄 ⊆
𝑖𝑛𝑡(𝑐𝑙𝛿(𝔄)), 𝔄 ⊆ 𝑐𝑙(𝑖𝑛𝑡(𝑐𝑙(𝔄)))). 𝔄 is called an 

ℐℱ 𝛿-semiclosed (resp. 𝛿-preclosed, 𝛽-closed) set 

(ℐℱ𝛿SC (resp. ℐℱ𝛿PC, ℐℱ𝛽C) (for short)) if 𝔄 ⊇
𝑖𝑛𝑡(𝑐𝑙𝛿(𝔄))  (resp. 𝔄 ⊇ 𝑐𝑙(𝑖𝑛𝑡𝛿(𝔄)) , 𝔄 ⊇
𝑖𝑛𝑡(𝑐𝑙(𝑖𝑛𝑡(𝔄)))).  

Definition 2.10 [13] Let 𝔄 be an ℐℱ𝒮 in an 

ℐℱ𝒯𝒮(𝑋, 𝛤). 𝔄 is called an ℐℱ 𝑒⋆-open set (ℐℱ𝑒⋆ 

OS, for short) in 𝑋 if 𝔄 ⊆ 𝑐𝑙𝑖𝑛𝑡𝑐𝑙𝛿(𝔄)  

Definition 2.11 [10] Let (𝑋, 𝛤)  be an 

ℐℱ𝒯𝒮  and 𝑌  be any ℐℱ  subset of 𝑋 . Then 𝛤𝑌 =
(𝔄/𝑌|𝔄 ∈ 𝛤)  is an ℐℱ𝒯  on 𝑌  and is called the 

induced or relative ℐℱ𝒯 . The pair (𝑌, 𝛤𝑌) is called 

an ℐℱ subspace of (𝑋, 𝛤): (𝑌, 𝛤𝑌) is called an ℐℱ 

open/ℐℱ  closed subspace if the ℐℱ  characteristic 

function of (𝑌, 𝛤𝑌) viz 𝜒𝑌 is ℐℱ open/ℐℱ closed.  

 

 III. Intuitionistic fuzzy 

𝑮𝜹 - 𝒆⋆ -locally closed sets in an 

intuitionistic fuzzy topological spaces   

 
Definition 3.1  Let (𝑋, 𝛤) be an ℐℱ𝒯𝒮. Let 

𝔄 = {⟨𝑥, 𝜇𝔄(𝑥), 𝛾𝔄(𝑥)⟩: 𝑥 ∈ 𝑋}  be an ℐℱ𝒮  on an 

ℐℱ𝒯𝒮 (𝑋, 𝛤). Then 𝔄 is said to be ℐℱ 𝑒⋆- locally 

closed set (in short, ℐℱ - 𝑒⋆ - 𝑙𝑐𝑠 ) if 𝔄 = ℭ ∩ 𝔇 , 

where ℭ = {⟨𝑥, 𝜇ℭ(𝑥), 𝛾ℭ(𝑥)⟩: 𝑥 ∈ 𝑋}  is an ℐℱ 

𝑒⋆-open set and 𝔇 = {⟨𝑥, 𝜇𝔇(𝑥), 𝛾𝔇(𝑥)⟩: 𝑥 ∈ 𝑋} is 

an ℐℱ 𝑒⋆-closed set in (𝑋, 𝛤).  

Definition 3.2  Let (𝑋, 𝛤) be an ℐℱ𝒯𝒮. Let 

𝔄 = {⟨𝑥, 𝜇𝔄(𝑥), 𝛾𝔄(𝑥)⟩: 𝑥 ∈ 𝑋}  be an ℐℱ𝒮  on an 

ℐℱ𝒯𝒮 𝑋. Then 𝔄 is said to be an ℐℱ 𝑒⋆𝐺𝛿- set if 

𝔄 = ⋂∞
𝑖=1 𝔄𝑖 , where 𝔄𝑖 = {⟨𝑥, 𝜇𝔄𝑖

(𝑥), 𝛾𝔄𝑖
(𝑥)⟩: 𝑥 ∈

𝑋} is an ℐℱ 𝑒⋆-open set in an ℐℱ𝒯𝒮 (𝑋, 𝛤).  

Definition 3.3  Let (𝑋, 𝛤) be an ℐℱ𝒯𝒮. Let 

𝔄 = {⟨𝑥, 𝜇𝔄(𝑥), 𝛾𝔄(𝑥)⟩: 𝑥 ∈ 𝑋}  be an ℐℱ𝒮  on an 

ℐℱ𝒯𝒮  (𝑋, 𝛤) . Then 𝔄  is said to be an ℐℱ 

𝑒⋆𝐺𝛿-locally closed set (in short,ℐℱ -𝑒⋆𝐺𝛿-𝑙𝑐𝑠) if 

𝔄 = ℭ ∩ 𝔇 , where ℭ = {⟨𝑥, 𝜇ℭ(𝑥), 𝛾ℭ(𝑥)⟩: 𝑥 ∈ 𝑋} 

is an ℐℱ 𝑒⋆𝐺𝛿 set and 𝔇 = {⟨𝑥, 𝜇𝔇(𝑥), 𝛾𝔇(𝑥)⟩: 𝑥 ∈
𝑋} is an ℐℱ 𝑒⋆-closed set in (𝑋, 𝛤).  

Definition 3.4  Let (𝑋, 𝛤) be an ℐℱ𝒯𝒮. Let 

𝔄 = {⟨𝑥, 𝜇𝔄(𝑥), 𝛾𝔄(𝑥)⟩: 𝑥 ∈ 𝑋}  be an ℐℱ𝒮  on an 

ℐℱ𝒯𝒮  (𝑋, 𝛤) . Then 𝔄  is said to be an ℐℱ 

𝐺𝛿-𝑒⋆-locally closed set (in short,ℐℱ 𝐺𝛿-𝑒⋆-𝑙𝑐𝑠) if 

𝔄 = 𝔅 ∩ ℭ, where 𝔅 = {⟨𝑥, 𝜇𝔅(𝑥), 𝛾𝔅(𝑥)⟩: 𝑥 ∈ 𝑋} 

is an ℐℱ 𝐺𝛿 set and ℭ = {⟨𝑥, 𝜇ℭ(𝑥), 𝛾ℭ(𝑥)⟩: 𝑥 ∈ 𝑋} 

is an ℐℱ 𝑒⋆-closed set in (𝑋, 𝛤).  

 

The complement of an ℐℱ  𝐺𝛿 -𝑒⋆ -locally 
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closed set is said to be an ℐℱ 𝐺𝛿-𝑒⋆-locally open set 

(in short, ℐℱ 𝐺𝛿-𝑒⋆-los). 

Definition 3.5  Let (𝑋, 𝛤) be an ℐℱ𝒯𝒮. Let 

𝔄 = {⟨𝑥, 𝜇𝔄(𝑥), 𝛾𝔄(𝑥)⟩: 𝑥 ∈ 𝑋}  be an ℐℱ𝒮  on an 

ℐℱ𝒯𝒮  (𝑋, 𝛤). The ℐℱ  𝐺𝛿-𝑒⋆-locally closure of 𝔄 

is denoted and defined by 𝐼𝐹𝐺𝛿 - 𝑒⋆ - 𝑙𝑐𝑙(𝔄) =
⋂ {𝔅: 𝔅 = {⟨𝑥, 𝜇𝔅(𝑥), 𝛾𝔅(𝑥)⟩: 𝑥 ∈ 𝑋}  is an ℐℱ 

𝐺𝛿-𝑒⋆-locally closed set in 𝑋 and 𝔄 ⊆ 𝔅.  

Proposition 3.1  Let (𝑋, 𝛤) be an ℐℱ𝒯𝒮 . 

For any two ℐℱ𝒮’s 𝔄 = {⟨𝑥, 𝜇𝔄(𝑥), 𝛾𝔄(𝑥)⟩: 𝑥 ∈ 𝑋} 

and 𝔅 = {⟨𝑥, 𝜇𝔅(𝑥), 𝛾𝔅(𝑥)⟩: 𝑥 ∈ 𝑋}  of an ℐℱ𝒯𝒮 

(𝑋, 𝛤) then the following statements are true.   

    1.  𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑐𝑙(0    ∼) = 0    ∼  

    2.  𝔄 ⊆ 𝔅 ⇒ 𝐼𝐹𝐺𝛿 - 𝑒⋆ - 𝑙𝑐𝑙(𝔄) ⊆
𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑐𝑙(𝔅)  

    3.  𝐼𝐹𝐺𝛿 - 𝑒⋆ - 𝑙𝑐𝑙(𝐼𝐹𝐺𝛿 - 𝑒⋆ - 𝑙𝑐𝑙(𝔄)) =
𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑐𝑙(𝔄)  

    4.  𝐼𝐹𝐺𝛿 - 𝑒⋆ - 𝑙𝑐𝑙(𝔄 ∪ 𝔅) =
(𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑐𝑙(𝔄)) ∪ (𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑐𝑙(𝔅))  

  

 

 

Definition 3.6  Let (𝑋, 𝛤) be an ℐℱ𝒯𝒮. Let 

𝔄 = {⟨𝑥, 𝜇𝔄(𝑥), 𝛾𝔄(𝑥)⟩: 𝑥 ∈ 𝑋}  be an ℐℱ𝒮  on an 

ℐℱ𝒯𝒮 (𝑋, 𝛤). The ℐℱ 𝐺𝛿-𝑒⋆-locally interior of 𝔄 

is denoted and defined by 𝐼𝐹𝐺𝛿 - 𝑒⋆ - 𝑙𝑖𝑛𝑡(𝔄) =
⋃ {𝔅: 𝔅 = {⟨𝑥, 𝜇𝔅(𝑥), 𝛾𝔅(𝑥)⟩: 𝑥 ∈ 𝑋}  is an ℐℱ 

𝐺𝛿-𝑒⋆-𝑙𝑜𝑠 in 𝑋 and 𝔅 ⊆ 𝔄.  

Proposition 3.2  Let (𝑋, 𝛤) be an ℐℱ𝒯𝒮 . 

Let 𝔄 = {⟨𝑥, 𝜇𝔄(𝑥), 𝛾𝔄(𝑥)⟩: 𝑥 ∈ 𝑋}  and 𝔅 =
{⟨𝑥, 𝜇𝔅(𝑥), 𝛾𝔅(𝑥)⟩: 𝑥 ∈ 𝑋} are ℐℱ𝒮’s in an ℐℱ𝒯𝒮 

(𝑋, 𝛤). Then the following statements are true.   

    1.  𝐼𝐹𝐺𝛿 -𝑒⋆ - 𝑙𝑐𝑙(𝔄)  is the largest ℐℱ 

𝐺𝛿-𝑒⋆-𝑙𝑜𝑠 contained in 𝔄  

    2.  If 𝔄 is an ℐℱ 𝐺𝛿-𝑒⋆-𝑙𝑜𝑠 then 𝔄 =
𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑖𝑛𝑡(𝔄)  

    3.  IF 𝔄  is an ℐℱ  𝐺𝛿 - 𝑒⋆ - 𝑙𝑜𝑠  then 

𝐼𝐹𝐺𝛿 - 𝑒⋆ - 𝑙𝑖𝑛𝑡(𝐼𝐹𝐺𝛿 - 𝑒⋆ - 𝑙𝑖𝑛𝑡(𝔄)) =
𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑖𝑛𝑡(𝔄)  

    4.  𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑖𝑛𝑡(𝔄) = 𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑐𝑙(𝔄)  

    5.  𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑐𝑙(𝔄) = 𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑖𝑛𝑡(𝔄)  

    6.  If 𝔄 ⊆ 𝔅 then 𝐼𝐹𝐺𝛿 -𝑒⋆ -𝑙𝑖𝑛𝑡(𝔄) ⊆
𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑖𝑛𝑡(𝔅)  

    7.  (𝐼𝐹𝐺𝛿 - 𝑒⋆ - 𝑙𝑖𝑛𝑡(𝔄)) ∩
(𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑖𝑛𝑡(𝔅)) ⊇ 𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑖𝑛𝑡(𝔄 ∩ 𝔅).  

 Remark 3.1    

    1.  𝐼𝐹𝐺𝛿 -𝑒⋆-𝑙𝑐𝑙(𝔄) = 𝔄 if and only if 

𝔄 is an ℐℱ 𝐺𝛿-𝑒⋆-𝑙𝑐𝑠  

    2.  𝐼𝐹𝐺𝛿 - 𝑒⋆ - 𝑙𝑖𝑛𝑡(𝔄) ⊆ 𝐴 ⊆
𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑐𝑙(𝔄)  

    3.  𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑖𝑛𝑡(1    ∼) = 1    ∼  

    4.  𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑖𝑛𝑡(0    ∼) = 0    ∼  

    5.  𝐼𝐹𝐺𝛿-𝑒⋆-𝑙𝑐𝑙(1    ∼) = 1    ∼  

  

Proposition 3.3  Every ℐℱ 𝑒⋆-𝑙𝑐𝑠 is an ℐℱ 

𝑒⋆𝐺𝛿-𝑙𝑐𝑠.  

 

Remark 3.2  The converse of the 

Proposition 3.3 need not be true as show in Example 

3.1.  

Example 3.1  Let 𝑋 = {𝑎, 𝑏}  be a 

nonempty set. Let 𝔄 = ⟨𝑥, (
𝑎

0.3
,

𝑏

0.3
), (

𝑎

0.6
,

𝑏

0.6
)⟩,  𝔅 =

⟨𝑥, (
𝑎

0.3
,

𝑏

0.1
), (

𝑎

0.5
,

𝑏

0.4
)⟩ , 𝔄 ∪ 𝔅 =

⟨𝑥, (
𝑎

0.3
,

𝑏

0.3
), (

𝑎

0.5
,

𝑏

0.4
)⟩  and 𝔄 ∩ 𝔅 =

⟨𝑥, (
𝑎

0.3
,

𝑏

0.1
), (

𝑎

0.6
,

𝑏

0.6
)⟩  be ℐℱ𝒮 ’s of 𝑋 . Then the 

family 𝛤 = {0    ∼, 1    ∼, 𝔄, 𝔅, 𝔄 ∪ 𝔅, 𝔄 ∩ 𝔅}  is an 

ℐℱ𝒯  on 𝑋 . Now ℭ = ⟨𝑥, (
𝑎

0
,

𝑏

0.1
), (

𝑎

0.9
,

𝑏

0.9
)⟩  be ℐℱ 

𝑒⋆𝐺𝛿 - set let 𝔇 = ⟨𝑥, (
𝑎

0
,

𝑏

0.1
), (

𝑎

1
,

𝑏

1
)⟩  be an ℐℱ 

𝑒⋆ -closed set. Hence 𝔈 = ℭ ∩ 𝔇 =

⟨𝑥, (
𝑎

0
,

𝑏

0.1
), (

𝑎

1
,

𝑏

1
)⟩ is ℐℱ 𝑒⋆𝐺𝛿-𝑙𝑐𝑠. But, 𝔈 is not an 

ℐℱ 𝑒⋆-𝑙𝑐𝑠. Hence, ℐℱ 𝑒⋆𝐺𝛿-set need not be an ℐℱ 

𝑒⋆-𝑙𝑐𝑠.  

 

Proposition 3.4  Every ℐℱ  𝐺𝛿 - 𝑙𝑐𝑠  is an 

ℐℱ 𝐺𝛿-𝑒⋆-𝑙𝑐𝑠.  

 

Remark 3.3  The converse of the 

Propositionn 3.4 need not be true as shown in 

Example 3.2.  

Example 3.2  In Example 3.1 𝔄 ∩ 𝔅 is an 

ℐℱ 𝐺𝛿-set. Let 𝔉 = ⟨𝑥, (
𝑎

0
,

𝑏

0.1
), (

𝑎

0.7
,

𝑏

0.7
)⟩ be an ℐℱ 

𝑒⋆ -closed set. Hence 𝔈 = (𝔄 ∩ 𝔅) ∩ 𝔉 =

⟨𝑥, (
𝑎

0
,

𝑏

0.1
), (

𝑎

0.7
,

𝑏

0.7
)⟩ is 𝐺𝛿-𝑒⋆-𝑙𝑐𝑠. But, 𝔈 is not an 

ℐℱ 𝐺𝛿 -𝑙𝑐𝑠. Hence, ℐℱ 𝐺𝛿 -𝑒⋆-𝑙𝑐𝑠 need not be an 

ℐℱ 𝐺𝛿-𝑙𝑐𝑠.  

Remark 3.4  ℐℱ  𝑒⋆ - 𝑙𝑐𝑠  and ℐℱ 

𝐺𝛿-𝑒⋆-𝑙𝑐𝑠’s are independent of each other as shown 

by the following Example 3.3.   

Example 3.3  In Example 3.1 𝔄 ∩ 𝔅 is an 

ℐℱ  𝐺𝛿 -set. Let 𝔊 = ⟨𝑥, (
𝑎

0.1
,

𝑏

0.2
), (

𝑎

0.5
,

𝑏

0.5
)⟩  be an 

ℐℱ  𝑒⋆ -closed set. Hence 𝔈 = (𝔄 ∩ 𝔅) ∩ 𝔊 =

⟨𝑥, (
𝑎

0.1
,

𝑏

0.1
), (

𝑎

0.6
,

𝑏

0.6
)⟩ is 𝐺𝛿-𝑒⋆-𝑙𝑐𝑠. But, 𝔈 is not an 
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ℐℱ 𝑒⋆-𝑙𝑐𝑠 and ℌ = ⟨𝑥, (
𝑎

0
,

𝑏

0.1
), (

𝑎

0.5
,

𝑏

0.4
)⟩ be an ℐℱ 

𝑒⋆ -open set Hence 𝔈 = 𝔊 ∩ ℌ =

⟨𝑥, (
𝑎

0
,

𝑏

0.1
), (

𝑎

0.5
,

𝑏

0.5
)⟩  is ℐℱ  𝑒⋆ - 𝑙𝑐𝑠 . But, 𝔈  is not 

𝐺𝛿-𝑒⋆-𝑙𝑐𝑠.   

Proposition 3.5  Every ℐℱ 𝐺𝛿-𝑒⋆-𝑙𝑐𝑠 is an 

ℐℱ 𝑒⋆𝐺𝛿-𝑙𝑐𝑠.  

 

Remark 3.5  The converse of the 

Proposition 3.5 need not be true as shown in 

Example 3.4.  

Example 3.4  In Example 3.1 ℭ =

⟨𝑥, (
𝑎

0
,

𝑏

0.1
), (

𝑎

0.9
,

𝑏

0.9
)⟩  be ℐℱ  𝑒⋆𝐺𝛿 - set and 𝔊 =

⟨𝑥, (
𝑎

0.1
,

𝑏

0.2
), (

𝑎

0.5
,

𝑏

0.5
)⟩  be an ℐℱ  𝑒⋆ -closed set. 

Hence 𝔈 = ℭ ∩ 𝔊 = ⟨𝑥, (
𝑎

0
,

𝑏

0.1
), (

𝑎

0.9
,

𝑏

0.9
)⟩  is 

𝑒⋆𝐺𝛿-𝑙𝑐𝑠. But, 𝔈 is not an ℐℱ 𝐺𝛿-𝑒⋆-𝑙𝑐𝑠. Hence, 

ℐℱ 𝑒⋆𝐺𝛿-𝑙𝑐𝑠 need not be an ℐℱ 𝐺𝛿-𝑒⋆- 𝑙𝑐𝑠.  

Remark 3.6  ℐℱ  𝐺𝛿 - 𝑙𝑐𝑠  and ℐℱ 

𝑒⋆𝐺𝛿-𝑙𝑐𝑠’s are independent of each other as shown 

by the following Example 3.5.   

Example 3.5  In Example 3.1 ℭ =

⟨𝑥, (
𝑎

0
,

𝑏

0.1
), (

𝑎

0.9
,

𝑏

0.9
)⟩  be ℐℱ  𝑒⋆𝐺𝛿 - set and 𝔊 =

⟨𝑥, (
𝑎

0.1
,

𝑏

0.2
), (

𝑎

0.5
,

𝑏

0.5
)⟩  be an ℐℱ  𝑒⋆ -closed set. 

Hence 𝔈 = ℭ ∩ 𝔊 = ⟨𝑥, (
𝑎

0
,

𝑏

0.1
), (

𝑎

0.9
,

𝑏

0.9
)⟩  is 

𝑒⋆𝐺𝛿-𝑙𝑐𝑠. But, 𝔈 is not an ℐℱ 𝐺𝛿-𝑙𝑐𝑠 and 𝔄 ∧ 𝔅 

is an ℐℱ  𝐺𝛿 -set let ℑ = ⟨𝑥, (
𝑎

0.6
,

𝑏

0.6
), (

𝑎

0.3
,

𝑏

0.1
)⟩  be 

an ℐℱ  closed set. Hence 𝔈 = (𝔄 ∩ 𝔅) ∩ ℑ =

⟨𝑥, (
𝑎

0.3
,

𝑏

0.1
), (

𝑎

0.6
,

𝑏

0.6
)⟩ is 𝐺𝛿 -𝑙𝑐𝑠 . But, 𝔈  is not an 

ℐℱ 𝑒⋆𝐺𝛿-𝑙𝑐𝑠.  

Proposition 3.6  Every ℐℱ  𝑙𝑐𝑠  is an ℐℱ 

𝑒⋆-𝑙𝑐𝑠.  

 

Remark 3.7  The converse of the 

Proposition 3.6 need not be true as shown in 

Example 3.6  

Example 3.6  In Example 3.1 Let 𝔍 =

⟨𝑥, (
𝑎

0
,

𝑏

0.1
), (

𝑎

0.5
,

𝑏

0.4
)⟩  be ℐℱ  𝑒⋆ -open set and ℌ =

⟨𝑥, (
𝑎

0.1
,

𝑏

0.2
), (

𝑎

0.4
,

𝑏

0.4
)⟩  be an ℐℱ  𝑒⋆ -closed set. 

Hence 𝔈 = 𝔍 ∩ ℌ = ⟨𝑥, (
𝑎

0
,

𝑏

0.1
), (

𝑎

0.5
,

𝑏

0.4
)⟩  is 

𝑒⋆-𝑙𝑐𝑠. But, 𝔈 is not an ℐℱ 𝑙𝑐𝑠.  

 

Remark 3.8  Every ℐℱ  𝑙𝑐𝑠  is an ℐℱ 

𝐺𝛿-𝑙𝑐𝑠 but the converse need not be true as shown in 

[10].  

 

Remark 3.9  Clearly the followinng 

diagram holds.  

 

 
 

 

Definition 3.7  Let (𝑋, 𝛤)  be an ℐℱ𝒯𝒮 

and 𝑌  be any ℐℱ  subset of 𝑋 . Then 𝛤𝑌 =
(𝔄/𝑌|𝔄 ∈ 𝛤)  is an ℐℱ𝒯  on 𝑌  and is called the 

induced or relative ℐℱ𝒯. The pair (𝑌, 𝛤𝑌) is called 

an ℐℱ subspace of (𝑋, 𝛤): (𝑌, 𝛤𝑌) is called an ℐℱ 

𝐺𝛿 - 𝑒⋆ - 𝑙𝑐  ℐℱ  subspace if the ℐℱ  characteristic 

function of (𝑌, 𝛤𝑌) viz 𝜒𝑌 is ℐℱ 𝐺𝛿-𝑒⋆-𝑙𝑐𝑠.  

Proposition 3.7  Let (𝑋, 𝛤) be an ℐℱ𝒯𝒮 . 

Suppose 𝑍 ⊆ 𝑌 ⊆ 𝑋  and (𝑌, 𝛤𝑌)  is an ℐℱ 

𝐺𝛿 - 𝑒⋆ -locally closed ℐℱ  subspace of an ℐℱ𝒯𝒮 

(𝑋, 𝛤). If (𝑍, 𝛤𝑍) is an ℐℱ 𝐺𝛿-𝑒⋆-𝑙𝑐 ℐℱ  subspace 

in an ℐℱ𝒯𝒮  (𝑋, 𝛤) ⇔ (𝑍, 𝛤𝑍) is an ℐℱ  𝐺𝛿 -𝑒⋆ -𝑙𝑐 

ℐℱ subspace in an ℐℱ𝒯𝒮 (𝑌, 𝛤𝑌).   

Definition 3.8  An ℐℱ𝒯𝒮 (𝑋, 𝛤) is said to 

be an ℐℱ  𝐺𝛿 -𝑒⋆ -local-𝑇1

2

 space if for every ℐℱ 

𝐺𝛿-𝑒⋆-𝑙𝑐𝑠 is an ℐℱ closed set in an ℐℱ𝒯𝒮 (𝑋, 𝛤).  

Definition 3.9  An ℐℱ𝒯𝒮 (𝑋, 𝛤) is said to 

be an ℐℱ 𝐺𝛿-𝑒⋆-local-𝛿-semi (resp.,𝛿-pre and 𝛽) 

space if for every ℐℱ 𝐺𝛿-𝑒⋆-𝑙𝑐𝑠 is an ℐℱ 𝛿-semi 

(resp.,𝛿-pre and 𝛽) closed set in an ℐℱ𝒯𝒮 (𝑋, 𝛤).  

Proposition 3.8  Every ℐℱ 𝐺𝛿-𝑒⋆-local-𝑇1

2

 

space is an ℐℱ  𝐺𝛿 - 𝑒⋆ -local- 𝛿 -semi 

(resp.,𝐺𝛿-𝑒⋆-local-𝛿-pre and 𝐺𝛿-𝑒⋆-local-𝛽) space.  

Remark 3.10  The converse of the 

Proposition 3.8 need not be true as shown in 

Examples 3.7 and 3.8.  

Example 3.7  Let 𝑋 = {𝑎, 𝑏}  be a 

nonempty set. Let 𝔄 = ⟨𝑥, (
𝑎

0.3
,

𝑏

0.3
), (

𝑎

0.6
,

𝑏

0.6
)⟩,  𝔅 =

⟨𝑥, (
𝑎

0.3
,

𝑏

0.1
), (

𝑎

0.5
,

𝑏

0.4
)⟩ , 𝔄 ∪ 𝔅 =

⟨𝑥, (
𝑎

0.3
,

𝑏

0.3
), (

𝑎

0.5
,

𝑏

0.4
)⟩  and 𝔄 ∩ 𝔅 =

⟨𝑥, (
𝑎

0.3
,

𝑏

0.1
), (

𝑎

0.6
,

𝑏

0.6
)⟩  be ℐℱ  sets of 𝑋 . Then the 

family 𝛤 = {0    ∼, 1    ∼, 𝔄, 𝔅, 𝔄 ∩ 𝔅, 𝔄 ∪ 𝔅}  is an 
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ℐℱ𝒯 on 𝑋. Now,𝔄 ∩ 𝔅 is an ℐℱ 𝐺𝛿-set. Let ℭ =

⟨𝑥, (
𝑎

0.3
,

𝑏

0.1
), (

𝑎

0.5
,

𝑏

0.5
)⟩  be an ℐℱ  𝑒⋆ - closed set. 

Hence 𝔈 = (𝔄 ∩ 𝔅) ∩ ℭ = ⟨𝑥, (
𝑎

0.3
,

𝑏

0.1
), (

𝑎

0.6
,

𝑏

0.6
)⟩ 

is 𝛿 -semi-closed. Hence (𝑋, 𝛤)  is an ℐℱ 

𝐺𝛿 -𝑒⋆ -local- 𝛿 -semi space. But, 𝔈  is not an ℐℱ 

closed set. Thus, (𝑋, 𝛤) is not an ℐℱ 𝐺𝛿-𝑒⋆-local 

𝑇1

2

 space. Hence, ℐℱ  𝐺𝛿 - 𝑒⋆ -local- 𝛿 -semi space 

need not be an ℐℱ 𝐺𝛿-𝑒⋆-local 𝑇1

2

.  

Example 3.8  In Example 3.7 Let 𝔇 =

⟨𝑥, (
𝑎

0
,

𝑏

0
), (

𝑎

0.5
,

𝑏

0.5
)⟩ be an ℐℱ 𝑒- closed set. Hence 

𝔈 = (𝔄 ∩ 𝔅) ∩ 𝔇 = ⟨𝑥, (
𝑎

0
,

𝑏

0
), (

𝑎

0.6
,

𝑏

0.6
)⟩  is 

𝛿 -pre-closed(resp., 𝛽-closed). Hence (𝑋, 𝛤)  is an 

ℐℱ 𝐺𝛿-𝑒⋆-local-𝛿-pre (𝐺𝛿-𝑒⋆-local-𝛽-space). But, 

𝔈 is not an ℐℱ closed set. Thus, (𝑋, 𝛤) is not an 

ℐℱ  𝐺𝛿 - 𝑒⋆ -local 𝑇1

2

 space. Hence, ℐℱ 

𝐺𝛿-𝑒⋆-local-𝛿-pre (𝐺𝛿-𝑒⋆-local-𝛽)space need not be 

an ℐℱ 𝐺𝛿-𝑒⋆-local 𝑇1

2

.  

Remark 3.11  Clearly the following 

diagram holds.  
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