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Abstract

The Brownian motion concept is an efficient tool to handle the uncertain systems. But in
case of hybrid uncertain systems(Randomness and Fuzziness), Brownian motion is not
sufficient. To handle such situation, we extend this tool in fuzzy environment. In this
paper the properties of fuzzy Brownian motion are derived which satisfy the fuzzy

Gaussian process and fuzzy Markov property. Also the quadratic variation and fuzzy
martingale of fuzzy Brownian motion are discussed.
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I. Introduction:-

The concept of stochastic process(SP) was
first derived by Joseph Doob which is a random
function of time i.e. {X(¢t),t € [0,T]}. Stochastic
process(SP) takes an prominent role in a range of
application areas such as physics, chemistry,
biology, microelectronics, finance etc.

Brownian motion (BM) describes the
location of particle at time t i.e. {B(t),t € [0,t]}.
An English botanist Robert Brown observed the
motion of polen particle suspended in a fluid. After
that Bachelier used the BM in stock market[1], [2].
Then Einestein obtained the equation of BM for SP.
The mathematical formulation of BM as a SP was
given by Winner.

Two mathematician has discussed a
prototypical which tells nature prices of stock which
used BM[2], [3]. After that, many researchers
developed different model or strategies using BM in
SP. Auria and Kella describe the Markov
process(MP) behaves like a two sided reflected BM
in  fluid [4]. Then Dorogovtsev  and
Lzyumtsevaparadigm the self connection local time
fordemonstrate image of the planner BM.

Fuzzy set theory was introduced by Zadeh
also, he introduced the concept of fuzzy random
variable. After that, many researchers have
developed fuzzy theory in different branches of
mathematics [5]. Kwakernaak, Puri and Ralesce
have been developed the variables of fuzzy random
whose parameters are fuzzy numbers. Puri and
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Ralesce have developed the concept of convergence
theorem of FM. Also, they introduced the concept of
fuzzy Gaussian process(FGP). Further, Stojakovic
discussed FM [6]. Consequently FRV, fuzzy
expectations, FM etc. have been discussed by Li and
Ogura. Also, they developed FGP and FM property .
Using Li and Ogura’s concept Li and Ren described
FGP and FBM .

Researchers discussed a nonlinear fuzzy
chance constrained programing problem. Buckley
developed Fuzzy Markov chain[7], [8]. Wang and
Zhang introduced fuzzy stochastic process(FSP).
Kim and Kim developed fuzzy stochastic differential
equation which includes a fuzzy set valued FBM
diffusion process. Researcherdiscussed the fuzzy set
valued BM and GP and proved their various
properties.  Further, Bongiorno describe the
properties of fuzzy set valued BM which based on Li
and Ogura’s results. Babiszewska derived fuzzy
modeling stochastic process by using BM.
Piriyakumar and Sreevinotha discussed the fuzzy
Markov chain(FMC) by wusing the transition
probability. Moreover 2016 Ryan Case derived
FMC.

In the present study some work has been
done on FBM. Many researchers have discussed the
BM as a function of crisp time[9], [10]. But in
general time may not be fixed or crisp rather there
may be uncertain. In this paper, we considered the
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uncertain time as fuzzy time.

This paper is sequenced as follows: section-2
contains few definations on BM and FBMs. In
section-3 we define the properties FBM and proved
some important results by using Buckley’s method.
the FBM as a FM is discussed in Section-4. Finally
the conclusion and concluding remarks are made in
section-5 followed by supporting reference.

2 Basic Priliminaries:-
2.1 Fuzzy Random variable(FRV):-
“Fuzzy random variable is known as a
random variable with parameters such as mean,
variance etc. are fuzzy numbers”.

2.2 Fuzzy number(FN):-

“A fuzzy number @ is known as a convex
standardized fuzzy set @ of real line IR having
membership function u(a) :R —[0,1.0] that satisfy
the following conditions.

(i) one interval exists exactly | € R, It may
be singleton, such that u(a(x)) = 1.0 forall x € I.

(i1)” pu(a(x)) is a piecewise continuos of
membership function”.

2.3 The a-cut:-
“Let @i € F(R) be a fuzzy number, the
a-cut of i, for every a € [0,1], the set

[il, = (x € Rei(x) 2 @} = [i, @]

where[il]} = inlg{x € [i],Jand[d]Y = sup{x € [q].},
¥E x€lR

the support of i is given by [ii]y = Support(t) =
{x € IR:1i(x) > 0}.
2.4 Inequalities:-

It follows “It is a partial relationship of
order between two fuzzy numbers. Researchers have
defined a partial order relation < and< between
two fuzzy numbers @ and b with a-cuts d@[a] and
b[a] respectively as “d > b” iff “a > b” for “a €
d[a]” and "b € b[a]" for each a €[0,1]. This
definition of @ 3> b is equivalent to the following

form. _
Let d[a] = [a,,a”] and b[a] = [b,, b"].

So & 2 b iff [a, 2 b*] and & < b iff [a* < b,] foreach @ €[0,1].

The benefit of this category of partial order
relation is that it can reduces mathematical
computation”.

2.5 Fuzzy martiangle (FM):-
It follows (9) “The sequence {X,,F,}, of
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variables of fuzzy random and o- algebra is a fuzzy
martiangle atn > 1,

(i) X,isF, measurableand E || suppX,, |< o,

{”) E(Xnﬂlj:n) = Xﬂ'

If properties (ii} is replaced by

{”” E({ﬂ‘l"]\:l?ﬂ) 2 Xﬂl (E(Xnﬂlj:t) < Xn):

then {X,, F, }, is called fuzzy sub-martingale (super-martingale) respectively.

2.6 Fuzzy stochastic process(FSP):-

It follows “A fuzzy family {X(t),t € [0,7],0 <T < ca} is known &5 a fuzzy stochastic
process of probability space (1) 4,2) onlyif Ya € [0,1]

Ho(tw) = [0E( ), XY (6 )
and the process s a process of stochastic process (SP) on (1,4, P) and

}?(LM) = UaE[U.]-] XN{E([‘,(&J)-

2.7 The interval valued BM:-
It follows “A family {B(t),t € [0,7],0 <T <0} is an Brownian motion of interval
valued on probability space (1,4,P) *
B(t,w) = [B4(t,w), BVt )],
where ﬁ"(t, m)ana‘@”(t,w) are Brownian motions such that
P[B!(t,w) <BY(t,w)] = 1

2.8 Fuzzy Brownian Motion(FBM):-

This follows as A Fuzzy stochastic process {B(t),t € [0,T],0 < T < o} iscalled a fuzzy
Brownian motion on probability space (1,4, P) if and only if ¥a € [0,1], the process
B (t0) = Bt0) (0]
is an interval Brownian mation on ((},4,P) and
B[t'w) = UaE[U.l] Ba(t'w)'

2.9 Fuzzy Gaussian process(FGP):-

It follows “A process of fuzzy
stochastic {X(t),t € [0,T],0 < T <} known as
FGP on the probability space (Q, 4, P) ifand only if
Va € [0,1.0], the family {X,(t),t € [0,T],0 < T <
o} is known as a process of interval valued
Gaussian.

2.10 Quadratic variation(QV) of BM:-

It follows “The variation of quadratic of BM
[B, B](t)” is defined as

[BBI(®) = [B,B]([0,1]) = lim %, [B(t) = B(ti-)[*

2.11 Quadratic variation(QV) of FBM:-
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The QV of FBM B(t) over [0,f] is
[Ba, Bo1(1), Va € [0,1]

= {Iim X 1B(t) ©Bt:-1) '[B(t) € Bo(t) Bitio) € Bultio)}

2.12 Moment generating function(MGF)
of BM:-
“The generating function of moment of a
BM is:

uﬂ
Mg e(u) = E[E“M”] =e=', uER

2.13 MGF of FBM:-
For a € [0,1], the MGF of FBM B(t) ~
N(0,©) is ~
{Mp(r) (AZ)IB(t) € By(1)} =
{E[e’®O]|B(t) € Ba(t)} = {el?tlt €t,},(AER)

2.14 Markov property(MP):-

“X(t) is a process of Markov if for any t
and s > 0, the conditional delivery of X(t+s) given
F. issimilar as conditional distribution of
X(t)statedX (t), that is,

P(X(t +s5) = y|F,) = P(X(t +5) < y|B(t))

2.15 Fuzzy Markov property(FMP):-

X(t) is a FMP if any values of £,§ > 0, the
fuzzy conditional distribution of X,(t +s),a €
[0,1] given FM F, is equal to the fuzzy conditional
distribution of X(t + s) given B(t) i.e. the is a-
cut of FMP is

{PX(t +9)IF)IX(t +5) € Xt +5)} =
[P(X(t+ 5)|B(t))|X(t +5) € X, (t +5),B(t) €B,

3 Fuzzy Brownian motion(FBM):-
In order to derive the quadratic variation of

FBM, it is required to define the properties of FBM
as follows.

(i) In any fuzzy interval [0,], FBM is a

continuous function of £.

(ii) Any fuzzy interval over [0,£], FBM are not

monotone.
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(iii)Any fuzzy interval, the variation of FBM is
infinity.
(iv) FBM satisfies independent increment property
i.e for £ > §, B(t) © B(s) is not depend of past
i.e. B(s).
(V)FBM satisfies fuzzy normal increment property
ie.

Va € [0,1] {B(t) B B(s)|B(t) € B.(t), B(s) € B,(t)}

has fuzzy normal dispersal with mean 0 and
adjustment is
{t&stet,, ses,}

Here the end points of each of partions are supposed
as fuzzy numbers.

Theorem 3.1
QV of FBM B(t) over [0,{] is £.

Proof:-
B(t) ba FBM.
Let A B = {B(t;)[B(t;) € By (t:) Blti-1)IB(ti-1) € B(t)a(ti-1)}
at={tlt; € ({)n 1E£—1|tr—1 € (fi-1)a)-
Foreach a € [0,1], B,(t) isaaninterval valued BM.
B,(t) = [B(t) BL(t)] isthe a-cutof the FBM B(t).
The QV of FBM B(t) over [0,1] is

[2,3](t) = lim I, (B(t) ©3(t-0) (i)

LetZ = T, B(t) © B(ti-1)I"
As B(t) isaFBM so Z isa FRV.
The a-cut of Z is defined as Z,, = [7, Z4]ve [0,1].
The a-cut of expectatifn of £ Nis
(E[2])e = {E[Z-: [B(t) © B(ti-1)|"]l A B)
= (T, E[B(t) © Bti-y) ' A B}
= (L1 [Var(B(t) ©B(t-,))]| 4 B}
= {Zi; [Var(B(t:) © Var(B(t;-1) © 2Cov(B (), B(ti-1))]| 4 B}
= {25 [t D i © 2min(t;_y,t))]| At}
=% (4 Bty S 2t-y)| 21}
=l (Ot et} =k

(ED)e =t Ya€[01] ?)
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To prove the QV of FBM B(t) over [0,F] is £.
i.e.toshow Z, B (E[ZN])“ = 0 in fuzzy probability, ve [0,1].
Now the a-cut of the variance of Z is

(Var[Z"])(( = (Var(Tl, [B(t) © B(ti1)*)| A B}
= (T, Var[B(t) & B(ti-1)*| A B}
= {IL, 3(5 6 0)? a1}
< {3max(t; Bt ) I (50t 2t}
={36,t|t € .}, Ve € [0,1].45(8,), =
So, for each @ € [0,1],  lim,.,(Var[Z]), =0
Iim (E[Z S E[2]])a = 0

Since Z, converges to (E[Z]) \?’a E [0,1]
Hence Z, © (E[Z]), — 0.

{max(t; ©t;-;)| At}

Theorem 3.2
A FBM B(t) is a FGP iff with the FGP is
mean 0 and covariance is min(Z, §).

Let B(t) and B(t)(s) are two FBM.
(BB £5,(1)) , 4%; = (BE)[B() € B (5)
ABy = (Bt +5)[B(t+5) € B (t +5))
at={tltet,), As={s|tes,)
For each a € [0,1], Bo(t) and B (s) and By(t+5) are the interval valued BMs.
B,(t) = [BY(t), B.(s)] and B,(s) = [BY (5), BL(s)] are FBMS.
The mean of FBMis 0.
(E[B()]| 8 By} = Band(E[B(s)]| 4 B;) = § B
To prove the covariance function of ‘g(t) and ﬁ[s) is min (£,3).
ie. {CovB(t), B(s)| A By,A By} = {min(t,s)| At,A s}
Now the a-cut of covariance of FBMs are {Cov(B(t),B(s))| & By,A By}
= (E[(B() © E(B(1)(3(s) © E(B())] & B 4 By)

Proof:-
let AB, =

= {E[B(t) @ B(S)]| A B, By}
_ [Cov(B(t).B(s))]a = [E(B(1) @ B(s))]a
Takeing £ = § in B(t).
B(0) = 5(s) ©3() ©5(5).

B(t) ®3(s) = (B(5)) ® [B(s) ® (B(t) © B(5))]
Now the a-cut of the expectation of B(t) @ B(s) is
{E[B(t) @ B(s)]| 4 Bua By} = {E[B*(5) @ (B(5) ® (B(t) © B(s))]| A By By}

= (E[B(5)]| & B:) ® (E[B(5) ® (B(£) © B(s))]| 4 B4 By)

= {s|s € 5.} O E[B(s)] @ E[B(t) © B(s)]| & By,& By} = 54 (By(3))
Foreach & € [0,1], {Cov(B(t),B(s)| A By, By)} =5,
Similarly if £ < 3, {Cov(B(t),B(s))| 4 Bi,a By} = ¢,
Hence {Cov(B(t),B(s))| A By,A By} = {min(t,s)| At,A s}
Conversely, given B(t) be a FGP with mean 0 and covariance is min(E, 5)
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The joint fuzzy probability distribution of ﬁ[t) and ﬁ(t + 5) s a bivariate fuzzy normal
distribution with mean 0.
B(t) and B(t +5) © B(t) are also bivariate variate normal distribution.
As {Cov(B(t),B(s))| A Bya By} = {min(t,s)| At,A 5}
{Cov(B(t),B(t+5))| AB,A B} = [mm[t-l-s t)|AtAs)
The a-cut of covariance of ﬁ( t) and B[Hs) ( ) is
(cor(B(8)B(t ) © Bt 1B, B)

{Cou(B(t),B(t +5))| 4 By,A By} © {Cov(B(t) B(t)) 4 By}

={tlat)Btlat)=f,-1,=0

(Con(B(t) B(t +5) O B(1)] B2 B} =D
If covariance of two FRV are zero then they are independent,
B(t) and B(t +5) © B(t) are not dependent.
Theincrement B( +5) © B(t) is not depend on B(t).
Hence ﬁ[t) be a FBM.

Theorem 2.3
FEM B(t) holds the FMP

Proof-Let A By = (B(t)|B(t) € B,(t)}, A B, = {B(t B s)[B(t +5) € Bu(t +3)}

Let for each @ € [0,1], B, (t) and B, (t + 5) are two interval valued BM:s.

B, (t) = [BL(t), BL(s)] and B, (t Bs)=[BU(t+5),Bi(t +5)] be the a-cuts of
FBMs B(t) and B(t +5) respectively.

To prove FBM satisfies FMP, Using moment generating function of FBM it is equivalent to
the conditional distribution of B(t + s) given fuzzy martingale F, is same as FBM B(t).

Now {euE(tﬂJl ABQ} — {eu(E(r)SB(H(EH)GB(t]J)I ABuA Ez]-
As the MGF of FBM B(t + 5) is the expectation of ouBlets),
S0 M, ) (1) = {620 @ eH30+0830)| 4 3, 0 3}
{E[e**“*IF,]| & By) = (E[e* M E 020D | £ ]| A B,,0 B,)

= (E[e**9|F,]| A B,) @ {E[e*BEHISRD|F ]| A B,,4 By)

= (%) 8 B,) @ (E[e*¢9%(] | 4 B, 4 By)
[As the conditional fuzzy expectation of a continuous function is uncoditional ane.
[E[e“mt”)em”]m By, By} is notdepend on F, |
= {£9] 43} @ (E[e*CCHIPOB(R)]| AB, A B,)

= ()] 4 B} @ (E[e* " [B(1)]| A B} @ {E[e™*CIB(0)]| A B,)
= (0] 4 B} @ (B[ [B(1)]| A B} @ {e™) a By}

= {E[****)[B(1)]| 2 B;)
Hence {E[e*2¢™|F,]| & B,}={E[¢*2¢*)|B(t)]| A B,).

4 Fuzzy Martingale properties on FBM:-
Theorem 4.1
If B(t) is a FBM then
(i)B(t) is a FM.
(i) B2(t) ©f isa FM.
1E(els

(iii) Forany A, e is a FM.

6105



"TIEIST

Engineering & Management

Proof:- Let A B; = {B(t)|B(t) EB“(t)} A B, = {B(s)|B(s) € B,(s)}
At—[ﬂt Ei,has={s|s €5}
For each « € [0,1] B, (t) and B,(s) are two interval valued BMs.
(i) The meanof FBM B(t) is 0 and varianceis %.
So ’B(t) be a fuzzy normal distribution i.e. B(t) ~ N(0, ).
FBM B(t) isintegrable and E[B(t)] = 0.
To prove B(t) be FBM i.e for each « € [0,1], {E[B(t)|F,]| A By} = {B(s)| A B,}
The a-cut of FBM B(t) can be written as
Ba(t) = Bals) © Ba(t) © B, (s). X
so, {E[B(IE] & B,} = {(E[(B(s) ®B() O B(s)IA] A B4 B} (By
property)
= {E[B()IR]| A B} @ (E[B(t) S B(s)IR]| & Bya By).

={B(s)| 4 B.} B {E[B(t) ©B(s)]| 4 Bi,& B}
[As the conditional fuzzy expectation of a continuous function is uncoditional one i
{E[(B(t) © B(s))|%]l & By,a B} ={E[B(t) S B(s)]| & Bu,a By}].
={B()| 4 B} D {E[B(1)]| 2 Bi} ©{E[B(s)]| A By}

| ={B(s) 2B} T

(i) The variance of FBM is  i.e {E[B*(t)]| & B} ={t|at} <
So B2(t) isintegrable.
Toprove {E[B(8)IF]| & By} = {B(s)| 5 B;} © {5 & 5}
The a-cutof FBM B?(t) & t can be written as
B St aB,At}={B(5) DB () OF(s) Ot| ABABat)

= {B*(s) @ [B(t) © B(1)] B 2[B(s) @ (B(t) © B(s))] O t| A By a By At}
{(E[B*(1) © tIF]l a Bya 1}
. = {E[(B*(s) B [B(2) © B(s)I* @ 2[B(s) ® (B(2) S B(s))] €

t)|F]l & By,A By,A L} (By FM property) B

= {E(B*())|%| & B:} @ {E[B(t) © B(s)[*|F| 4 B;,a Ba}

@ {2E[B(t) ® (B(t) © B(s))|F]| A By,A B} O {t| at}

= {B(s)| & By} @ {E[B(t) © B(s)]’| & B,,8 By}

@ 2(E[B()IX] @ EB() ©B()IR] 2BLa B} G {tlat)

={B*() AB} @ {t O sl at,2 5} D {2(B(s) ® (E[B(t) © B(s)])| 4B, B,} O
{t] &£}

=[(B*(5)|aB) B (t|lat} S (slas}S{tlat}

= {B () aB & {s|as}= {'B (5) © s| A B,,A 5}
So, {E[B*(t) © t|E]| & By.a £}={B(s) © s| A B4 5}
Hence B*(t) & f isaFM.

(iii} For each a € [0,1], the moment generating function of FBM is

{E[e**®)] 2B} = {8 ‘lat)
As the mean FBM is 0 and variance is F,

~ 2
So {ea?mE'Tf} is integrable.
Now {e;l's(r;l 531} - EA[Ers)HBB(r;e's(slll ABLA Bz}
= {81'5(3J| AB}® {eilz(rJ-B(SJ” AB,,A B}
Using FM, {E[e*?©|E]| A B A By} = {E[(e"7¢) @ £ABOOFENE ]| A By,A By}

= (E[e**|E]| 4 B,} ® {E[eEISPENE]| 4 ByA By}
= {e*)] a B} ® (E[* OOV 4 B4 By)

("9 A B} @ {E[e*V]] 2 B} @ {E[™17]| & By}
*{e’m(’]l AB)® (e 1[J'Bs]l At s}

A2 A%
Now (B(e* OS5 E] 8 Byua 1) = ([ ® e @ e"7)]| 4 Ba 1)

(Using MGF of FBM)

2
= [ B0 g At
2

P
Hence For any 4, M BEBTE s M.

Theorem 4.2
Let B(t) be a fuzzy continuous process for

any 1, B(t) Oe> & is a FM then B(t) be a FBM.
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Proof:- Let ’g(t) be a fuzzy continuous process.
ABy = (B(t)|B(t) EB. (1)} & B, = {B(s)|B(s) € B, (s)}
At= {r|.: et }as={s|s €5}
Foreach a € [0,1] B, (f) and B, (s) aremter\.‘alvalued BMs.
Forany 4,
B,,4 5} Now {E[e*BESEEN|£]| A By A B,at)
= {E[em“”]l AB}O {E[e BN A B,)
={ez Mf}e{e? | & s}
A2
=(e“OT At 5}
The moment generating function of B(t) & B(s) is
(E[*POSPD)| A B, By} = (“O7 5| At 5}
Since ’B(t) ] B(s) ~ N (0 tE&5) and 'B(t) =] ’B(s) is independent of .'F
For @ < 5, E(u) is independent of F,.
Hence B(t) isaFBMand B, (t) is the a-cut of FBM, Ve € [0,1].

Theorem 4.3
Let B(t) be a fuzzy continuous process with B(0) = 0 and B*(t) ©F fs0 FM then
B(t) isa FBM.
Praof:-let A B, = {B(t)|B(t) € B, (£)}, A B, = {B(s)|B(s) € B.(s)}
at={tltet,}as={s|s€5,} Vacecl01]
B(t) be a a fuzzy continuaus process, for each @ € [0,1], B, (0) = 0.
We have B*(t) O F beaFM. So {E[(B*(t) © t)|E]| 24 By,at) = (B (s) O s| A Bya
s} Let M(t)=B*(t) Ot isaFM.
Now {E[B*(t) & t]| A Bya t} = {E[M(£)]] & ByAt)
{E[(B(s) © N(1))* B ]| A By t}(N (1) = B(t) © B(s))
= (B%(s) @ 2(B(s) REIN(O) B E[N* ()] © t| 4 Byat)
={(B(5) Pt OsSt| AByAtASHEN(D)] =0)
—{B (s) © s| A By,a s} = M(s).
So B(t) is not depend on F,.

As B(t) isnot depend of F,, so B(s) is not depend all F(s), ¥ s < t.
So B(t) satisfies independent increment property. Hence B(t) be FBM.

5 Conclusion:-

In this paper the properties of FBM have
been discussed. Using a-cut technique the quadratic
variation of FBM and FBM is a FGP with mean 0
and covariance is min(Z, §) and converse is also true
have been proved. Next the FBM is FMP have been
discussed. Finally it is concluded that FBM is a FM.
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