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In this paper, we introduce and study the concept of Bipolar Fuzzy Sub Ordered I'-
Nearring.we establish a one-one correspondence between Bipolar Fuzzy sub Ordered I'-
Nearring and crisp sub Ordered I'-Nearring. Later, we define homomorphism on Bipolar-

Fuzzy Ordered I'-Nearring and we verified that the homomorphic pre image of a Bipolar
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Nearring.

Fuzzy sub Ordered I'- Nearring is also a Bipolar Fuzzy sub Ordered I'- Nearring . Moreover
we prove that homomorphic image of a Bipolar Fuzzy sub Ordered I'- Nearring possessing
both Supremum property and infimum property is a Bipolar Fuzzy sub Ordered I'-
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I. INTRODUCTION

Zadeh [ 6 ] introduced fuzzy subset in 1965. Later, it
has been studied by several authors and applied on
different algebraic structures like semi groups, semi
rings, I' -semi rings..... etc. Later, the concept of
ideal theory in I'- Nearring and fuzzy ideals in I'-
Nearring were introduced and studied by Bh.
Satyanarayana[l] and G.L.Booth[3]. Further,
S.Ragamayi([8],[17]) has introduced and studied the
structures of Lattice fuzzy sub TI'-Nearrings in her
doctorial thesis.

Furthermore  K.Balakoteswara  rao([2][18])
studied and originated the above ideas on Ordered I'-
Nearring and introduced “Lattice-Fuzzy Sub
Ordered TI'-Nearrings" and " vague Ordered I'-
Nearrings". As a sequel of above work, now we
introduce Bipolar Fuzzy subset of an ordered I'-
Nearring which is an extension of a fuzzy subset of
an ordered I'-Nearring. We establish a one-one
correspondence between Bipolar Fuzzy sub Ordered
I'-Nearring and crisp sub Ordered I'-Nearring. Also,
we prove that the intersection of two Bipolar Fuzzy
sub ordered I'-Nearring is a Bipolar Fuzzy sub
ordered I'-Nearring . Later we verified that the
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homomorphic pre image of a Bipolar Fuzzy sub
Ordered I'- Nearring is also a Bipolar Fuzzy sub
Ordered I'- Nearring . Moreover we prove that
homomorphic image of a Bipolar Fuzzy sub Ordered
I'- Nearring possessing both Supremum  and
infimum properties is also a Bipolar Fuzzy sub
Ordered I'- Nearring.

Il. Preliminaries

Definition 2.1 : A zero — symmetric GNR is a
trip[le (K, +,I'), where

1. (K, +) is a group

2. (K +, 8) is a nearring where ['#® with binary

operatorsonK, v § € T.

3.f8(gnh) = (fég)nh v gheK; 8 nel.

4. f6g=0,vf € K, S €T.

Definition 2.2 : E #®, ACK , where K be a GNR

is said to be a SGNR if

1. f—g €E

2. f6g€EEVSeT;fgeK
Definition 2.3: A Fuzzy subset W of Kis a
Fuzzy SGNR , if

W(f - g) = min{ W(f), W(g)} B
W(f6g) = min{ W), W(g)},v6 €T;f,geK
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Definition 2.4 : A GNR, K is called as an OGNR
if it admits a compatible relation “< ", If @<Db

and € <d then
at+c <b+d
adc < béd
c6a < déb;Va,b,c,deK; 8 eT.
Definition 2.5: Let K be a partially OGNR .
@ # N ofK is said to be SOGNR,if
f-ge N
fég € N
ifa <bthena+f<b+g
ifa <bandc > 0thencda < cébandadc <
béc;
Va,b,cfgeK S €T.
Definition 2.6: Let K be an OGNR A fuzzy
subset W of K is said to FSOGNR Of K if
W(f - g) = min{ W), W(g)}
W(f§g) = min{ W(), W(g)},
f<g=wW({) =>W(g); VS ET;
fge K.
Definition 2.7: The union and intersection of any
family {w;/ i € A} of Fuzzy subsets of a set X are
defined as

ieati(x) = SilépAui (x),Vx € X
i (x) = M (x), vx € X

Definition 2.8: Let X be the universe of
discourse. A bipolar-valued fuzzy set ¢ in X is an
object having the form

e={< x, 1y (X),p, (X)>/x € X} where ,p:
X—[0, 1] and p, : X—[-1, 0] are mappings. The
positive membership degree pj  denoted the
satisfaction degree of an element x to the property
corresponding to a bipolar-valued fuzzy set p={< x,
Mg (X, (X)>x € X} and the negative
membership degree p, denotes the satisfaction
degree of x to some implicit counter-property of
o={<%, g (), 1y ()>/x € X},

Definition 2.9: For a bipolar fuzzy set

¢ = (X, 1y (X), ke (X)) and (s,t)€ [-1,0] X [0,1]
we define level subset of , p is

@f ={X € X; pf (x) >t} and @Y= {x € X; pg (X)
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< s} which are called the positive t-cut of ¢ =
(X; ug (X), uy (X)) and the negative s-cut of ¢ = (X;
we (X), ugp (X)) respectively. For (st)e [-1,0] X
[0,1], the set @)= @f N @Y is called the (t, s)-cut
of ¢ = (X; pg (%), Hg (X)).

Definition 2.10: Let w ={(w", wy)/ i € A} be a
family bipolar Fuzzy subsets of a set X then the
union and intersection are defined by

_ S
it ()= T, vxeX
Al ()= Bip(x), VxeX
Notations :
K represents  “zero-symmetric  Ordered I'-
Nearring”.

GNR represents “ Gamma Nearring”.

OGNR represents “ Ordered Gamma Nearring”.

SGNR represents “ Sub Gamma Nearring”.

SOGNR represents Sub Ordered Gamma
Nearring”.

FSOGNR represents “Fuzzy Sub Ordered Gamma
Nearring”.

BFSOGNR represents “ Bipolar Fuzzy Sub
Ordered Gamma Nearring”.

I1l. Main results on Bipolar Fuzzy Sub
Ordered I'-Nearring

Definition 3.1: Let K be an OGNR and ¢ be a
bipolar Fuzzy subset of K. We say that ¢ is a
BFSOGNR of K if

1) ud (p-q) =min{pS (p), ug (o)} and

He (P - q) <max{pg (p), Ky (4)}

2) uh (py @ =min{pud (p), g (v)} and

Ko (P Y @ = max{p, (p), ke (V)}

3)p<q—ug (p) =g (@) and pg (p) <K (9) Vp.q
eEK yerl.

Example 3.2: Consider the additive group K=I,Set
of integers and I' ={0,1,2}.
Then K is a GNR with zero symmetry with the
mapping IxI'x 1 — L.
And clearly I is admiting a compatible relation "<"
which is a partial ordering on 1 satisfies the
following conditions.
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Ifa<band c<d then Then pd (p)=t; >t pd (@)=t >t
(i)a+c§b+d _>p’q€(pf
()ayc<byd —p-QE@fandpyq€ @l

(iii) cya<dyb;va b,c,del;yer.
Hence I is an OGNR.
Define ug : 1 — [0, 1] by
0.8, ifp=0
ue (p) =4 0.5,if p is positive integer
0.4,if p is negitive integer
Then pfisa FSOGNR of I.
Define pg,: T — [-1,0] by
—0.5, ifp=20
e (p) =={ —0.3,if p is positive integer
—0.1,if p is negitive integer

— Yy (p-q)= tand pg (pyq) = t

— g (P-q) = min( pg (p), K (a)) and
— kg (py @ =min( g (), K ()
Letp<q.

presume if u$ (p) < u (a).

Then 3t; € [0,11D pd (p) <t1< 1 (a).
Thenq € @f; and p ¢ ¢?;.

This is an inconsistency.

thus g (p) = ug (9).

Then pg isa FSOGNR of K.

case(2): Let the negative membership degree of

Then p, is a FSOGNR of IL. .i.e, Yy isaFSOGNR of K.

Therefore ¢={< p, u(-; p), T (P)>p el }isa Now, we have to verify that _

BESOGNR of L. @Y= {pe M/, (p)<s} is SOGNR of K.
Let k,m € V.

Theorem 3.3: A Bipolar valued Fuzzy subset ¢ of — Mg (k) <sand p, (m)<s
an OGNR, K is a BFSOGNR, K if and only if it's — max{ pg, (K), pg, (m)} <s

(t,s)-cut is a SOGNR, K. Now, pg (k-m) < max{ p; (K), py (m)} <s.
proof : Suppose ¢ is BESOGNR, K. — k-m€ pg.and
case(1): Let the positive membership degree of ¢,i.e, Also, we have
Hg is a FSOGNR, K. We (kym) <max{ u, (K), uy (m)} <s.
Now, we have to prove that —kymE€ ¢V
@F = {pe M/ u (p) >t} is SOGNR, K. Then ¢Vis a SOGNR of K.
Let p,q € . on the contrary presume that ¢Yis a SOGNR of K.
— pd (p) =tand pf (q) >t Now, we prove that i, is a FSOGNR of K.
— min{ pg (), g (@} =t Let k,m € K.
Now, 1. pg (p-q) > min{ pg (p), ug (@)} >t. Let py (K)=s; gy (M)=s,.
— p-q € . put s=max(sy, S;).
2. pg (pyq=min{ pg (), kg (@} >t Then pg (K)=s1<s; g (M)=s; <s.
—PpYqE Q. — km € ¢
Then ¢! is SOGNR of K. —k-me @Y and > kyme N
on the contrary suppose that @ isa SOGNR of K.~ — g (k-m) < s and
Now, we prove that p3 is FSOGNR of K. — py (kym) < s.
Let p,g e K. — Hg (k-m) <max( 1, (K), g (M)
Let ug (p)=tl; ug (@)=t2 and
put t=min(ty, t,). — Hg (kym) <max(pg (K), g (M))
Let k <m.
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Infer that if possible pg (K) > pg (M).
Then 3s; € [-1,0] D g (K) > 51> g (M).
Thenm € @Y and k & @Y.

Which is a contradiction.

Therefore pg (k) < pg (m).

Then pg, isa FSOGNR of K.

Theorem 3.4: Let ¢ = (K; p3, py) be a BFSOGNR
of K. Then the sets

My; ={pER/ 1 (p) = 1 (0)} and

M,z ={p €K/ 1 (p) = 1y (0)} are SOGNRs of K.
proof:

case(1): Let the positive membership degree of o,1.e,
Mo

be a FSOGNR of M and let p,q € M-

Then 1) pg (p-q)= min { pg (), kg (@}= pg (0)
— g (p-9)= kg (0)

Hence p-q€ M.

2) wy (py@)= min { pug (p), ug (A}= 1y (0)

=y (py 9= 1y (0)

Hence p y q€ Mu$'

Thus M.+ is a SOGNR of K.

case(2): Let the negative membership degree of
P,i.e, Uy

be a FSOGNR of K and let p,q € M,,..

Then

1) e (P-g)< max { py, (p), Ky (3= 1y (0)

— Hy (P-9)= pgy (0)

Hence p-qe Mu$ .

2) wy (py @< max { pg () My (A)}= 1y (0)

— Hy (PY D= Ky (0)

Hence py q€ Mufp'

Thus M, is a SOGNR of K.

Theorem 3.5: Let ¢@;= (K; pi, py)
(K; o}, 05) betwo BFSOGNR of K.

Then ¢, N @, isa BFSOGNR of K.
Proof:

and @,=

Published by: The Mattingley Publishing Co., Inc.
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Case-1: Let the positive membership degree of ¢
and ¢, be

us and of are two FSOGNR of K.

Let p,g € K, Take

1)

(1y N 0g)(p-0) = min{ pg (p-a), og (p-a)}

> min{min [ pg (p), ug (@), min[ o5 (p), o (A1}
=min{ min[ ug (p), og ()], min[ kg, (a), o5 (A1}
=min{(uy N o3) (p), (kg N 05)(A)}

Therefore, (ug N 03) (p-q) > min{( p N og )
(P).( ug N 0§ ) (@)}

2)

(Mg N op)pyq=min{ pg (pyq), og (Pyq}
>min{min [ pg (p), ug (@)1, min[ o5 (p), o (A1}
= min{ min[ ug (p), og ()], min[ ug, (a), o5 (A1}
=min{(uy N o5) (p), (kg N 05)(A)}

Therefore, (ug N og) (p vy @) > min{( pg N o )
(0. 1p N of) @}

3)If p <qthen

Mo (p) = 1 (@) and o (p) = o (a)

(g N og)P)=min{ g, (p), o (P}

>min { 155 (0), o (o)}

= (15 N o} )(0)

consequently we proved that the intersection of
positive membership of ¢, and ¢, i.e,

(ud N of) is also FSOGNR of K.

Case-2: Let the negative membership degree of ¢,
and @, be p, and o, which are two FSOGNR of
K.

Let p,g € K, Take

1)

(ke N 0)(p-a) = max{ g, (p-0), oy (P-0)}

< max{max [uy (p), Ky (@)1 max[ oy, (p), og
(@1}

= max{ max[ w, (p), o5, (P)], max[ py (a), oy (A1}
=max{(u, N 0y) (p), (ke N 0y)(A)}

Therefore, (uy, N oy,) (p-0) < max{( we N oy )
(P).( 1y N oy ) (@)}

2)
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(e N 0p)(PY Q) =max{ u, (pvq), o, (PP}
< max{max [uy (), ue (@], max[ oy (p), o
@1
= max{ max[ wg (p), o5, (P)], max[ p, (a), o, (A1}
=max{( 1, N 0g) (p), (e N 0y) (A}
Therefore, (pe N 0y) (p Yq) <max{( py N oy )
(P).( 1y N0y ) (@)}
3) If p < qthen pgy(p) < pg () and o, (p) < oy
(a)
(ke N 0g)(P) =max{ u, (P), o5 (P)}
<max { l, (0), 0y (a)}

= (1 N 03)(0)
Therefore we proved that the intersection of negative
membership of ¢, and @,, i.e, (u, N o) is also
FSOGNR of K.
Since we proved that (pf n of) and (p, N og)
are FSOGNR of K which implies that
@, N @, isa BFSOGNR of K.

IV. Main results on Homomorphism of
Bipolar Fuzzy Sub Ordered I'-Nearring

Definition 4.1: Let V and W be two Ordered I'-
Nearrings. Then f1 V — W is called a
homomorphism if

() f(x +'y) = (x) + f(y) and
(11) f(x ay) =f(x) af(y), VX, Y€ V; a€ T.

Definition 4.2: Let V and W be two OGNRs and f :
V — W. Let @;=(ug, ugy) be a bipolar Fuzzy
subset. If the positive membership degree of ¢4,i.e.,
o is a Fuzzy subset of V then the image of ug,
f( ug) is the Fuzzy subset in W defined by

()0 = {za—f?y% @) # 0

0, otherwise
vy € W, where f~1(y) = {x/f(x)=y}.
Also If negative membership degree of @4,i.e., g is
a Fuzzy subset of V then the image of g, f( ) is
the Fuzzy subset in W defined by

fCug)(y) = {

it Mo @, IEE71(y) # 0

0, otherwise

Published by: The Mattingley Publishing Co., Inc.

May — June 2020
ISSN: 0193-4120 Page No. 2703 - 2710

vy € W, where f~1(y ) = {X/f(x)=y}.

Let ¢, =( 05, 0;,) be a bipolar Fuzzy subset.

If positive membership degree of ¢, ,i.e., o, is a
Fuzzy subset in W then the inverse

imagef~! (o)) of of is the Fuzzy subset in V by
71 (o})(X) = o (f(X)), VX E V.

If negative membership degree of @, ,i.e., o
Fuzzy subset in W then the inverse

image f~! (o) of o, is the Fuzzy subset in V by

1 (05)() = o (f(x(;), VXEV.

o I5a

Definition 4.3:Let @;=( 1, 1) be a bipolar Fuzzy
subset. The Fuzzy subset p of V is said to have the
Sup. property if for any subset A of V, 3x, € A D g

S
(X0)= yen Mo ().
The Fuzzy subset p, of M is said to have the Inf.

property if for any subset A of V, 3x, € A D p (%)

= 2 (%).

Theorem 4.4: An OGNR homomorphic pre-image
of a BFSOGNR is a BFSOGNR.
Proof:
Let f: V. — W be an OGNR homomorphism.
Let @1=(V; pg, pgp) be a BFSOGNR of V.
and @,=(W; of, o,) be a BFSOGNR of W.
Case-1:
Let the positive membership degree of ¢, ie., o
be a BFSOGNR of W
and Let the positive membership degree of ¢, i.e.,
s be the pe-image of o, under 'f.
Now, we have to prove that pg is BFSOGNR of V
under 'f'.
Then,
1)
My (p-0) = o (f(p-a))
= o, (f(p)-f(a))
>min[ o, (f(p)), of (f(a))]
= min[ ug (p), ug (@]
Therefore pg(p-q) = min[ g (p), g (A)]
Again,
2707
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2) ug Py = og (fpyq)

= o4 (flp) v f(q))

> min|[ 0:5 (f(p)), GcJE (f(@)]

= min[ pg (p), wg (@]

Therefore p(pyq)=>min[ pd(p), pd ()]

3) If p<qand f(p) > f(q) then

ug (p) = o} (f(p)

o} (f(a))

e (Q)

Therefore g (p)> ug ( Q).

Thus, g is FSOGNR of V under 'f.
case-2:

Let the negative membership degree of ¢, i.e., o,

®
be a BFSOGNR of W

and Let the negative membership degree of ¢, i.e.,
H, be the pe-image of o, under 'f.

Now, we have to prove that p,is BFSOGNR of V
under 'f'.

Then,

1) we (P-0) = oy (f(p-a))

= 0, (f(p)-f(a))

<max[ o, (f(p)), o, (f(a))]

= max[ u, (p). My (@)]-

Therefore g, (p-q) <min[ pg (p). Ky (A)]

Again,

2) wy (pyq) = oy (fpv Q)

= o, (flp) v @)

<max[ o, (f(p)), o5, (f(a))]

= max[ u, (p). My (@)]-

Therefore g, (py q)<min[ u, (p), Ky ()]

3) Ifp<qand f(p) < f(q) then

e (P) = o, (f(p))

o, (f(a))

= 1y (0)

Therefore pg, (p) < g ().

Thus, g, is FSOGNR of V under 'f'

as we proved that pg and p, are FSOGNRs of V
which implies that ¢, is a BFSOGNR of V. Hence

v

IN
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the homomorphic pre-image of a BFSOGNR is a
BFSOGNR.

Theorem 4.5: An OGNR homomorphic image of a
BFSOGNR possessing both the Supremum and
infimum properties is a BFSOGNR.

Proof: Let f: V — W be an OGNR homorphism.

Let @;=(V; pg, uy) be a BFSOGNR of V.

and @,=( W, o3, o,,) be a BFSOGNR of W.
Case-1:

Let the positive membership degree of ¢, ie., p
be a BFSOGNR of WV possessing Supremum
Property and Let the positive membership degree of
@ i.e., o} be the image of pg under 'f. Now, we
have to prove that o7 is BFSOGNR of W.

Given f(p),f(q) € W.

We have

Po € F71 (D)) D 1 (P0)= 15y Hop (@

do € F71(R@) D 1 (40)= ,er-1rpary Moo ()

1) 0 (fP) - @) =110y Mo (2

= H$ (Po- 90)

>min[ p§ (Po) + K¢ (90)]

= min {zef_l(ffgj) ws (2) Zef_l(ff;;)) W (2 }
=min [ o (f(p)), o (f(a))]

2) o (f0) ¥ RQ) =, 1 rippyrian Mo (@

= g (PoY Qo)

> min[ pg (Po) » K (do)]

— i Sup 4+ Sup +
=min {ZEf_l(f(p)) “'(p (Z) ) ZEf_l(f(q)) U'(p (Z) }

= min [ o ((p)) , o (F(A))]

3) If p<qthen
05 (F0) = e 1oy Mo ()
= Wy (po)

> pg (qo)
— Sup
~ zef~1(f(q))

oy (f(@))

g ()
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Therefore oy, (fip))> o} (f(0)).

This proves that o is a Fuzzy SOGNR of W.
Case-2:

Let the negative membership degree of ¢, i.e., pg

be a FSOGNR of V possessing Infimum Property
and

Let the negative membership degree of @,i.e., o
be the image of u,under 'f'

Now, we have to prove that o, is FSOGNR of W.
Given f(p),f(q) € W.

Po € f_l(f(p)) 9 Hep (Po)= Zef_l(f(rlgg Hep (z)

do €F7L(R) D 1y (407 ser-1cayy Hp (@)
1) a5 (f(P) - () =1 0oy —rcay Mo (@)

= Mgy (Po- qo)

< max[ u, (Po) » Mo (do)]

= max {zef—l(f(;gg My (2) zef‘l(f(gg Ho (2) }
=max [ o, (f(p)) , oy (f(a))]

2) o (D) ¥ RO =,er1 sipyysceny Mo (@)

= Hg (PoY do)

<max[ w, (Po) » Mg (qo0)]

= max {Zef—ladfig Mo (2), zef‘l(f(clsg Ho(2) }
=max [ o (f(p)) , o5 (F(@))]

3) If p<qthen

Oy (f(p)) = Zef_l(f(rl,gg Ko (z)
= My (Po)

< My (o)

— Inf
- ZEf_l(f(qI;)

= o, (f(a))
Therefore o, (f(p))> o, (f(q)).

This proves that o, isa FSOGNR of W.

Since ogand o, are FSOGNR,N which implies

that ¢, is a BFSOGNR of W.

Hence the homomorphic image of a BFSOGNR
possessing both the Supremum and infimum
properties is a BFSOGNR.

W (2)
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V. Scope and conclusion

In this paper, the concept of Bipolar Fuzzy SOGNR
Is introduced and we established a one-one
correspondence between Bipolar Fuzzy SOGNR and
crisp SOGNR. We are expecting that these structures
are useful in developing Bipolar Fuzzy prime ideals,
Bipolar Fuzzy maximal ideals and Bipolar Fuzzy
semiprime ideals of an Ordered I'-Nearring.
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