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Abstract

The non-linear buckling of laminated plates exposed to evenly increase in temperature has
been investigated numerically. Applying the Newton-Raphson scheme via the total
Lagrangian approach, the post-bifurcation paths were determined. Initially, the governing
equation based on finite element method was developed applying the Mindlin’s model for
plates with moderate strains and the Hamilton principle. The model was solved using
computer program developed within FORTRAN environment and validated with past
results. Several factors that influence the non-linear thermal instability behaviour of the
plates were investigated on the plate with anti-symmetric and angle ply configuration. The
influences of these parameters were found to be substantial. The investigation will thus be
useful in applications such as automotive and aerospace vehicles..

Index Terms; — Mindlin’s Shear Deformation Theory, Newton-Raphson method, Total
Lagrangian Approach, non-linear Thermal instability

I. INTRODUCTION

In their study on the thermal instability of symmetric
and quassi-isotropic laminated composite plates,

Fibre reinforced composite (FRC) has been popular
choices in structural designs that require weight
saving [1-4]. As a result, the design of the FRC parts
are made geometrically thin which in turn can cause
instability problem if loadings applied are
compressive. For aerospace and aeronautical
structures, consideration on thermal loading is
crucial before the problem turns into disaster [5]. As
the temperature reaches the critical temperature, Ter
huge lateral deflection that will bring catastrophe
will occur.  However, it is known that plate
structures remain stable in the post-buckling region.
This fact requires more studies on the behaviour of
the thermal instability of plates with lamination
scheme in order to optimize the design of such
structures.

Published by: The Mattingley Publishing Co., Inc.

Prabhu, and Dhanaraj [6] found that for composite
with symmetric lamination, the change of critical
temperature differs from the one typically shown by
symmetric composites. In a study by Rasid [7], the
serendipity quadrilateral element with 5-degree of
freedom per node were used to study thermal
buckling analysis on symmetric and antisymmetric
composite. The effect of several factors including
the level of anisotropy, thickness of the plate, fibre
orientation and boundary condition were studied.
Furthering this study, shape memory alloy (SMA)
was used to enhance the linear and nonlinear
thermal instability of plates with lamination schemes
[8-11]. The SMA was used to induce recovery stress
inside the composite through the so called shape
memory effect behaviour. By this, the composite’s
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potential energy was increased and as such linear
and nonlinear buckling of the composites subjected
to heat increase can be enhanced. Even and non-
even heat distribution in the form of parabolic
distribution have been considered. It was found that
the SMA has greatly affected the thermal buckling
behaviour of the composites. Furthermore, carbon
nanotubes were embedded within composite to
improve the composite linear and non-linear thermal
instability [12] and frequency of post-instability
matrix cracked laminated plates containing CNT
reinforced composite layers resting on elastic
foundation [13]. In the latter case, the shear
deformation theory of higher order and the
nonlinearity of the von Karman type were used in
deriving the governing equations while the micro-
mechanical model was used to determine the
temperature dependent material properties of the
composite. Comparison studies were conducted and
the present model was shown to demonstrate its
accuracy and effectiveness. In a study by Kianni
[14], non-uniform rational B-spline (NURBS) based
isogeometric finite element method was used to
study thermal post-buckling of piece-wise
functionally graded laminated plates reinforced with
graphene sheets. While the temperature dependent
properties were assumed, the third order shear
deformation theory was implemented. It was
determined that the FG-X pattern of graphene
reinforcement has resulted in the lowest critical
buckling and the lowest post-buckling deformation.
Shen and his co-workers [15-16] conducted studies
on post-buckling of functionally graded graphene
reinforced composite laminated cylindrical panels
subjected to axial compression while being in
thermal environments. The model employed the
HSDT of laminated composite added with the von
Karman strains while the single perturbation
technique was employed to determine the critical
loads and the post-buckling paths. The critical loads
were found to improve with the addition of the
functionally graded graphene fillers.

In this paper, finite element governing equation for
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the thermal post-buckling of laminated composite
plates was developed along with its source codes.
The equation was solved using the method of
Newton-Raphson  while applying the total
Lagrangian approach. Upon validation, the post-
buckling behaviour of the composites subjected to
several parameter changes including number of
layers and boundary conditions on the thermal post-
buckling of composite plates.

Il. DEVELOPMENT OF GOVERNING EQUATIONS
A. Dimensions and Properties

The plate with lamination scheme understudied here
is shown in Fig. 1. The square plate is0.1 m x 0.1 m
while the side to thickness ratio is usually % = 100.
The [45/-45]> lamination scheme is used in this
study while 2 types of graphite epoxy properties
employed are:

Property 1(P1):

E; = 155.0 GPa, E2 = 8.07 GPa, vi2 = 0.22, G12 =
455 GPa, G2z = 4.55 GPa, Giz = 3.25 GPa, au= -
0.07E-6,

o2 = az=30.1E-6
Property 2 (P2):

E1/E> =40, E»=6.25, G12/E2= 0.8, G12 = Gi3, G23/E>
=0.52, v12=0.24, a2/ a1=10

The boundary condition utilized in this study can be
the hinged (HH), simply supported (SS) and
clamped (CC) types.

l.z
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Fig. 1. The schematic diagram of the composite
plate understudied

8312



TES'T

Engineering & Management

B. FEM Modelling

The o — ¢ relationship for the composite plate
employed here in the 1-2-3 coordinate system is

o1 Qi Q2 O & al
02 (=|Q2 Q» 0 &y p—yap (AT (1)
o12 0 0 Qsl|n2 0

or equivalently,
for}=lQlr} o | AT 2

Here, the well-known reduced stiffness matrix is [Q]
[17] and {ou} is the stress vector, {1} and {a1} are
the strain and thermal coefficient of expansion
vector,  respectively.  Upon utilizing the
transformation of (2), we obtain the stress and strain
in X-y-z coordinate system such as,

o= [Qflex + fa JaT ©)

where the well-known transformed reduced stiffness
matrix of the composites is [Q]. The Mindlin’s
theory [18], was used here where with the
application of the non-linear von Karman’s strain,
the strain vector is

2
ou [%j 00y
. & OoX ) o
B ol N - 1] (ow o6y
el 3 Loy (3] [+ &
nl e
oy ox x | oy ox
(4)
The relationship for vector in transverse direction is
ow
_re| = &4—9)' 5
rh={rel {%J ©)

The constitutive relationship in term of resultant
stress is

oot =t B @

and
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— |Qe| =M1 A5 —
= foet=[re R v = i) (7a)

where [7] is for the out of plane case. The resultant
force, {N1} and the resultant moment vectors, {M}

are as in the following.

(b )3 [Bllcrtear

k=1

(7b)
The research here employs the

quadrilateral elements with 8
conservation of energy is

isoparametric
nodes. The

OW = Wint- Wext =0 (8)

MWine= {6l [faem} IN}+ b I {N)

+leof! M)+ {es T o} DA 9)

Based on the standard procedures for FEM

modelling [17],
OWint=
[kl e+ el v S el

- {sa)T {Pr }

Without any external loads,

(10)

M= 0 (11)

So, relating the previous equations with (10), the
FEM governing equation is

(IkuJoli)-lir Dol o S+ 2 2 ) ) (12)

where the linear, shear, geometric and thermal
stiffness matrices are [K.], [Ks], [Ke] and [K1] are
and [Ni] and [Nz]. In this study, equation (12) is
solved employing the Newton Raphson’s scheme.
The residual forces, {y} is

v (0)=
(IkuJ+ i) kr D+ ko o S+ vz ) - ) (13)
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Through simplification [17],

@™ =y ()" +(d—"’] {oq)" (14)

dqn

where

(%) ~limb =+l er ) e e ic),— (25)

and

[Kean )" =—0(@)" (16)

while the increment of vector of displacements is

™ ={a)" + )" (17)

C. Solution to the Governing Equation

Equations (15) - (17) were solved using Newton-
Raphson scheme and developing source codes.
Linear eigen-value buckling is initially conducted to
determine the ATc. With this, the eigen-vector, {¢}
to be employed as the initial value is determined.
Fig. 2 shows the flowchart of the algorithm.

I1l.  VALIDATION AND RESULTS
A. Comparison test

For validation purpose, several comparison tests are
performed for the critical temperature. While the
property used is P2, the lamination schemes of the
composite are [30/-30], [30/30]2, and [0/90].. From
Table 1, the model developed is shown to produce
outcomes that conforms well to past results.

Table 1:

Comparison test for critical temperature values

[19] 4x4 5x5  6x6  8x8
(30/- 8396 9.200 8.735 8580 8.431
30)s

(30/30), 10.169 10.210 10.178 10.168 10.162
(0/90), 21.166 24.468 22219 21.743 21.570

At the same time, validation on the non-linear
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instability analysis was performed for a qussi-
isotropic and an orthotropic plate using the P2
property. In the lamination scheme for the quassi-
isotropic plate is [45/-45/0/90], while for the
orthotropic plate is [45/-45]. It can be seen that the
comparisons were successful such as shown in Fig.
3and 4.

e
{ sTAR )
.
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e

TEMP LOAD VECTOR

COMPOMEMNTS OF STIFFMNESS MATRIX

I

WORK OUT LINEAR EQM.

i

4+ UPDATIMG DISP. VECTOR

1

REVIZING LOADVECTOR

£

Fig. 2. The flowchart for solving the FEM
governing equations
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Fig. 3. Validation for the thermal instability of
the layered plate
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Fig. 4. Validation for the thermal post-buckling
of an anti-symmetric composite plate

B. The number of layer parameter

Here, with property P1 being used, the number of
layers, n in configuration [45/-45], is increased
while the thickness is maintained. The results shows
that bifurcation occurs at ATcr values as predicted.
Fig. 5 also shows the positive correlation between
the critical temperature (A,) and the numbers of

layer. One behaviour dictated by bending-
extensional coupling effect is the ratio ATT IS
cr

decreased as the number of layer is increased.
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——n=1 —8®—n=2 n=3 n=4 —»— n=5

AT/ ATer

0 0.4 0.8 1.2 1.6
Winax/h

Fig. 5. The post- thermal instability of [45/-45]n
composite plates

(11=55.3°C 12= 86.4°C 23=90.6 °C 14=92.1 °C
A5=92.7 °C)

C. The plate thickness parameter

Here, the plate thickness, h is altered while the side
length is treated as constant. While the [45/-45];
laminate configuration is used, P1 material property
is employed. The results from Fig 6 shows as the
thickness is decreased, the critical loads are
decreased as predicted. Fig. 6 indicates that the
critical temperatures are lowered along with the
thickness of plates. Furthermore, the presence of the

1

bending- extension coupling has increased the -

ratio will the decrease of the AAT ratio.

cr

—e— a/t=10 —®— a/t=50
a/t=100

a/t=500

(] 015 1I 1?5
Wax/h
Fig. 6. The influence of length to thickness ratio
on the non-linear thermal instability [45/-45]2
composite plates. (A10=6915.2°C Aso= 453.0°C

A100=115.7 °C As00=4.8°C)
8315



TES'T

Engineering & Management

D. The boundary condition parameter

The composite with configuration of [45/-45], is
given the three types of boundary conditions: HH,
CC and SS. Fig. 7 shows that as projected, the
smallest critical temperature (Ass=105.7°C) happens
with the application of the SS BC and in opposite
the largest critical temperature corresponds to CC
boundary condition (Acc=232.8°C). Again, it can be
realized that bifurcation start at the values of AT
predicted by the eigen-value analysis.

E. The aspect ratio parameter

The ratio a/b parameter is differed to examine the
behaviour of the non-linear thermal instability of the
layered plates. Fig. 8 shows that the critical
temperature rises as the escalation of the aspect
ratio. Similarly to be seen in Fig. 8, bifurcation point
appear at ATcr as given by eigen-value analysis.

F. The lamination angle parameter

The influence of lamination angle is investigated by
varying the angle for the orientation in [0/-0].. ©
here is taken as 0° 15° 30° 45° 60° 75° and 90°.
However, since the plot for 6 equals to 60°, 75° and
90° overlap with the plots for 6s equal to 30°, 15°
and 0° respectively, they will not be shown here.
Fig. 10 demonstrated that the orientation of [45/-
45], provides the topmost critical temperature
(A3=115.7 °C).
—e—SS —8— HH cc
600
450

300

AT

150 -

Fig. 7. The impact of BC on the post- thermal
instability of [45/-45]2 composites. (Ass=105.7°C
AHn=115.7°C Acc=232.77°C)
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a/b=1.25 —x—a/b=1.5
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AT/ ATer
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Fig. 8 The impact of aspect ratios on the post-
thermal instability of [45/-45]. composite plates.
(A0.5=60.3°C A0.75=87.1°C A1=105.7 °C,
A125=144.4.1°C A15=173.8°C)

——0
[30/-30/30/-30]

—=— [15/-15/15/-15]
[45/-45/45/-45]

AT/ ATer
N

0 0.5 1 15

Wiax/h

Fig. 9. The impact of lamination angles on the
post-thermal instability of [45/-45]. composite.
(A1=68.2°C A2=71.4°C A3=115.7 °C)

IV. CONCLUSION

A numerical model applying the finite element
method has been established for the non-linear
thermal instability of laminated composite plates.
The Mindlin’s theory along with non-linearity of
von Karman sense were used. The Newton-Raphson
scheme was applied to the governing equation and
with the developed source-codes, the non-linear

thermal instability paths of the laminated composite
8316
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plates were able to be discovered. It was found that
the post-buckling occurs at critical point as predicted
in the linear analysis while the impacts of several
parameters on the non-linear thermal instability
characteristics of the layered plates have been
determined.
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