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Abstract: 
In this article, the existence of fixed point for G-Pata type Zamfirescu mapping in a 
complete G-metric space is proved. Our result give existence of fixed point for a 
wider class of functions. 
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I INTRODUCTION 

Banach [1] proved the existence of fixed point 
on a complete metric space ( , )X d  in 1992. The 
mapping f  has been considered to be a 
contraction and f  takes points of X  to itself. 
Later, several interpretations for the existence of 
fixed point with weaker conditions to contraction 
mapping were given. Later Kannan type [6], 
Chatterjea type [5] and Hardy-Rogers type 
mappings were introduced. Zamfirescu [21] 
introduced and gave the existence of fixed point 
for a generalized contraction mapping in 1972. In 
2005, Zead Mustafa et al.[11] introduced the 
notion of G -metric spaces and they established 
new fixed point results in G -metric spaces. Later, 
several authors were established for fixed point 
results in this area. 

Geno Kadwin Jacob et.[9] introduced the Pata 
typeZamfirescu contraction in complete metric 
space. In this paper, “define a G -Pata type 
Zamfirescu contraction and give fixed point 
results in complete G -matric spaces based on G -
Pata type Zamfirescu contraction. 

Throughout the paper, Θ denotes the class of all 
increasing functions. :[0,1] [0, )ψ → ∞ such that 
Ψ is continuous at ‘0’ with (0) 0.Ψ =  

Definition 1.1 [21]: Let ( , )X d  be a metric 
space. A mapping :f X X→ is said to be a 
Zamfirescu mapping if, for all ,x y X∈ and 

, , [0,1],a b c∈ it satisfies the contraction. 

( ( ), ( )) max{ ( , ), [ ( , ( )) ( , ( ))],
2

[ ( , ( )) ( , ( ))}.
2

bd f x f y ad x y d x f x d y f y

c d x f y d y f x

≤ +

+

 
In a recent, Pata [7] obtained the following 

refinement of the classical Banach contraction 
principle. 
Let 0, 1, [0, ]α β αΛ ≥ ≥ ∈ be any constants. For 
each [0,1]ε ∈ , 

( ( ), ( )) (1 ) ( , ) . ( )[1 ] ,d f x f y d x y x yα βε ε ε≤ − + Λ Ψ + +
 
Where 0( , )x d x x= for arbitrary 0x X∈ and 

Ψ∈Θ . 
In a very recent paper, Jacob et. [9] obtained the 

following of the classical Banach contraction 
principle. 
Let 0, 1, [0, ]α β αΛ ≥ ≥ ∈ be any constants. For 
each [0,1]ε ∈ ,  
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( ( ), ( )) (1 ) ( , ) ( )[1 ( ) ( ) ] ,d f x f y M x y x y f x f yα βε ε ε≤ − + Λ Ψ + + + +
 
Where 

( , ( )) ( , ( )) ( , ( )) ( , ( ))( , ) max{ ( , ), , }
2 2

d x f x d y f y d x f y d y f xM x y d x y + +
=

and  

0( , )x d x x=  for arbitrary 0x X∈ and Ψ∈Θ . 
The following Lemma is used to prove our results. 
 
Lemma 1.1:[10] If a sequence nx X∈ is not G -
Cauchy, then there exist 0δ > and two 
subsequences ( ){ }m kx and ( ){ }n kx  of { }nx such that 

( )m k  is the smallest index for each 
( ) ( )m k n k k> > , 

( ) ( ) ( )( , , )m k n k n kG x x x δ≥ and 

( ) 1 ( ) ( )( , , )m k n k n kG x x x δ− <  

Moreover, Suppose that 1 1lim ( , , ) 0.n n nn
G x x x+ +→∞

=  

Then we have 
( ) ( ) ( ) ( ) 1 ( ) 1 ( ) 1

( ) ( ) 1 ( ) 1 ( ) 1 ( ) ( )

1) lim ( , , ) 2) lim ( , , )

3) lim ( , , ) 4) lim ( , , )
m k n k n k m k n k n kn n

m k n k n k m k n k n kn n

G x x x G x x x

G x x x G x x x

δ δ

δ δ
− − −→∞ →∞

− − −→∞ →∞

= =

= =

 
II MAIN RESULTS  

Existence of fixed point for G-Pata type mappings 
In this section, we prove the existence of unique 
fixed point for G -Pata type Zamfirescu mappings. 
Let ( , )X G be a G -metric space. In the sequal, we 

write 0( , , )x G x x x= , where  

0x  is an arbitrary element in .X  
Definition 2.1: Let ( , )X G be a complete G -metric 
space. A mapping :f X X→ is said to be G -Pata 
type Zamfirescu mapping if for all

, , ,x y z X∈ Ψ∈Θ and for every [0,1],ε ∈ f  
satisfies the inequality 

( ( ), ( ), ( )) (1 ) ( , , ) . ( ).[1 ( ) ( ) ( ) ] ,G f x f y f z M x y z x y z f x f y f zα βε ε ε≤ − + Λ Ψ + + + + + +
 
Where  

( , ( ), ( )) ( , ( ), ( )) ( , ( ), ( ))( , , ) max{ ( , , ), ,
3

( , ( ), ( )) ( , ( ), ( )) ( , ( ), ( ))}
3

G x f x f x G y f y f y G z f z f zM x y z G x y z

G x f y f y G y f z f z G z f x f z

+ +
=

+ +

 
and 0, 1, [0, ]α β αΛ ≥ ≥ ∈ are  constants. 
Theorem 2.1: Let ( , )X G  be a complete G -metric 
space and let :f X X→ be a G -Pata type 
Zamfirescu mapping. Then, f  has a unique fixed 
point in .X . 
Proof:  Let 0x be an arbitrary element in .X  

Define 1 ( )n nx f x+ = and 0( , , ).n n nc G x x x=  

To prove that 1 1( , , )n n nG x x x+ + is a non increasing 
sequence, take 0ε = . Therefore, 

1 1 1

1 1 1
1

1 1 1

( , , ) ( ( ), ( ), ( ))
2 ( , ( ), ( )) ( , ( ), ( ))max{ ( , , ), ,

3
( , ( ), ( )) ( , ( ), ( ) ( , ( ), ( ))}

3

                       max{ ( , ,

n n n n n n

n n n n n n
n n n

n n n n n n n n n

n n n

G x x x G f x f x f x
G x f x f x G x f x f xG x x x

G x f x f x G x f x f x G x f x f x

G x x x

+ + −

− − −
−

− − −

−

=
+

≤

+ +

≤ 1 1 1
1

1 1 1 1 1

2 ( , , ) ( , , )), ,
3

( , , ) ( , , ) ( , , )}
3

n n n n n n

n n n n n n n n n

G x x x G x x x

G x x x G x x x G x x x

+ + −

+ + − + +

+

+ +

 
1 1 1

1

1 1 1 1 1

1 1 1
1

2 ( , , ) ( , , )                       max{ ( , , ), ,
3

( , , ) ( , , ) ( , , )                                     }
3

2 ( , , ) (max{ ( , , ),

n n n n n n
n n n

n n n n n n n n n

n n n n
n n n

G x x x G x x xG x x x

G x x x G x x x G x x x

G x x x G xG x x x

+ + −
−

+ + − + +

+ + −
−

+
≤

+ +

+
≤

1 1 1

, , ) ,
3

2 ( , , ) ( , , )                                                             }
3

n n

n n n n n n

x x

G x x x G x x x+ + −+

 
 

1 1 1
1

1 1 1 1 1 0 1

2 ( , , ) ( , , )                        max{ ( , , ), }
3

( , , ) ( , , ) ( , , ) .

n n n n n n
n n n

n n n n n n

G x x x G x x xG x x x

G x x x G x x x G x x x c

+ + −
−

+ + −

+
≤

≤ ≤ =
 
Claim(1): { }nc is bounded 
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0

1 1 1 1 1 1 0

1 1 0 1 1
0

1 1 0 1 1

1 1 1 1

( , , )
( , , ) ( , , ) ( , , )

2 ( , , ) ( , , )(1 ) max.{ ( , , ), ,
3

( , , ) ( , , ) ( , , )}
3

2 ( )[1 0 ]

n n n

n n n n n

n n n
n n

n n n n n n

n n n n

C G x x x
G x x x G x x x G x x x

G x x x G x x xG x x x

G x x x G x x x G x x x

C x x x x xα β

ε

ε ψ ε

+ + +

+ +

+ +

+ +

=
≤ + +

+
≤ −

+ +

+ + Λ + + + + + +
 
 

1 1 0 1 1
0

1 0 1 1

1 1 1 0 1

1 0 1 1 0 1 1

2 ( , , ) ( , , )(1 ) max.{ ( , , ), ,
3

2 ( , , ) ( , , )}
3

2 ( )[1 2 ( , , ) 2 ( , , ) ]
(1 ) max.{ , , ( , , ) ( , , ) ( , , ) ( , ,

n n n
n n

n n n n

n n n n n n

n n n n n n n n

G x x x G x x xG x x x

G x x x G x x x

C x G x x x G x x x x
C C G x x x G x x x G x x x G x x

α β

ε

ε ψ ε

ε

+ +

+ +

+ +

+ +

+
≤ −

+

+ + Λ + + + +

≤ − + + + 0

1 1 1 1

1 1 1 1

)}

2 ( )[1 ]

(1 ).max.{ , , } 2 ( )[1 3 3 ]
n n n

n n n

x

C x x x x x x

C C C C C C C

α β

α β

ε ψ ε

ε ε ψ ε

+ + Λ + + + + + +

≤ − + + Λ + +
By the same reason as in [8], it follows that is 
{ }nC bounded. Let 1lim ( , , )n n nn

G x x x G−→∞
= . Since 

1( , , )n n nG x x x − is non increasing. 

1 1 1

1 1 1
1

1 1 1

1 1 1

1

( , , ) ( ( ), ( ), ( ))
2 ( , , ) ( , , )(1 ) max.{ ( , , ), ,

3
( , , ) ( , , ) ( , , )}

3
( )[1 ]

2(1 ) max.{ ( , , ),

n n n n n n

n n n n n n
n n n

n n n n n n n n n

n n n n n n

n n n

G x x x G f x f x f x
G x x x G x x xG x x x

G x x x G x x x G x x x

x x x x x x

G x x x

α β

ε

ε ψ ε

ε

+ + −

+ + −
−

+ + −

− + +

−

=

+
≤ −

+ +

+ Λ + + + + + +

≤ − 1 1 1

1 1 1

( , , ) ( , , ) ,
3

( , , ) ( , , ) } ( ).
3

n n n n n n

n n n n n n

G x x x G x x x

G x x x G x x x kε ε

+ + −

+ + −

+

+ +
+ Ψ

 
Now, as n →∞ , we get that ( )G k ε ε≤ Ψ  and 

hence 0G = . 
Claim(2):The sequence{ }nx  is a G -Cauchy. 

Suppose that { }nx  is not a G -Cauchy sequence, 
then by lemma 1.1, there exist sub sequences 
{ }

knx  and { }
kmx with k kn m k> >  such that 

( , , ) ( ( 1), ( 1), ( 1))

2 ( 1, , ) ( 1, , )
(1 ) max.{ (( 1), ( 1), ( 1), ,

3
( 1, , ) ( 1, , ) ( 1, , )

} ( )
3

k k k k k k

k k k k k k

k k k

k k k k k k k k k

m m n m m n

m m m n n n
m m n

m m m m n n n m m

G x x x G f x f x f x

G x x x G x x x
G x x x

G x x x G x x x G x x x
k

δ

ε

ε ε

≤ = − − −

− + −
≤ − − − −

− + − + −
+ Ψ

 
Now, as n →∞ , we get ( )kδ ε ε≤ Ψ , which is 

a contradiction. Therefore { }nx  is a G -Cauchy. 
Since X  is G –complete, there exists x X∈  such 
that .nx x→  Now, for all n N∈  and for 0,ε =  
we obtain 

1 1 1

1 1

1 1

1 1

( ( ), ( ), ) ( ( ), ( ), ) ( , , )
( , ( ), ( ) ( , , )max{ ( , , ), }

3
( , ( ), ( ) ( , , ) ( , ( ), ( ))}

3
( , , ).

n n n

n n n
n

n n n n

n n

G f x f x x G f x f x x G x x x
G x f x f x G x x xG x x x

G x f x f x G x x x G x f x f x

G x x x

+ + +

+ +

+ +

+ +

≤ +

+
≤

+ +

+
 
As n →∞ , the above inequality concludes that

5( ( ), ( ), ) ( ( ), ( ), )
3

G f x f x x G f x f x x≤ . 

Hence, x  is a fixed point of f .For the 
uniqueness of fixed point, suppose that x and y
are fixed points of f . Then 

( , ( ), ( )) 2 ( ( ), ( ))( ( ), ( ), ( )) (1 ) max{ ( , , ), ,
3

( , ( ), ( )) ( ( ), ( ) ( , ( ), ( )) ( ).
3

G x f x f x G y f y f yG f x f y f y G x y y

G x f y f y G y f y f y G y f x f x k

ε

εψ ε

+ +
≤ −

+ + +
+

 
Therefore, we get ( , , ) ( )G x y y kψ ε≤ and hence 

.x y=  
Therefore f has a unique fixed point in X . 
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