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1. Introduction

In past one decade, there has been a lot of activity
done on the oscillatory theory for second order and
fourth order nonlinear difference equations [1], [2],
[71, [8], [10], [11]. In the survey of literature the
attention given on third order difference equation is
less with the second and fourth order difference
equations.

This paper, we investigate the oscillation of a class
of third order nonlinear difference equations of the
form

A(a, (Aby, (Axn)a)ﬁ)"'cnxu =0

n+t

(1.1)

wherea, 8, u are the ratios of odd positive integers,
T E€EZ, is a deviating argument,
{an;, {b,},and {c,} are positive real sequences
defined for n € N, ={n, +n 41 +---.},n,is a
positive integer. The forward difference operator, A
is defined by Ax,, = x,41 — x,.
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By a solution of (1.1), we mean a real sequence {x,, }
that satisfies (1.1) for all n € N, .A nontrivial
solution {x,}, n € N, of (1.1) is oscillatory if it
is neither eventually positive nor eventually
negative. Otherwise, it is non-oscillatory. Equation
(1.1) is said to be oscillatory, if all its solutions are
oscillatory.

A solution {x_n} of (1.1) is quickly oscillatory if

x, = (1", 0,>0, forr n>0

Equation (1.1) is almost oscillatory if either {x,} is
oscillatory or  Ax, is  oscillatory  or
lim, , ,x, = 0.

The motivation behind the work is mainly derived
from the oscillatory solutions of non-linear
difference equations contained in [1], [8] and the
knowledge gained from [2 — 7], [9], [10]. oscillatory
and asymptotic properties of third order difference
equations are established.

Consider (1.1) as a three dimensional system, let
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Consider (1.1) as a three dimensional system, let

Yo =b,(&,)%, z, =a,(ay,)”. (1.3)
Construct the nonlinear system,
AX — B yl/a
Ay =Az'’, (1.4)
_Cnxrﬁir
_hla _A-lp _
where B, =b,"". A, =a,"" &C, =G 1f any one

solution of (1.4) is positive then other two solutions
also positive. If any one solution of (1.4) is negative
then other two solutions also negative.

The canonical form of the difference operator in
(1.1) is defined by,

Zafl/a Zb—l/ﬂ _

n=n, n=n,

(1.5)

In section 2, sufficient conditions are obtained for
quickly oscillatory solutions of (1.1). In section 3,
some sufficient conditions for oscillatory and non-
oscillatory solutions of (1.1) are presented. Section
4, deals with the almost oscillatory solutions. In
section 5, examples are given to illustrate the results.

2. Quickly Oscillatory Solutions
Theorem 2.1: Assume that and is even. If s
odd, then (1.1) has no quickly oscillatory solutions.

Proof: Let *n =(D"a, be a quickly oscillatory

solution (1.1) with positive even terms.

neN,.0,>0

Then there exists such that
AX. =(-)"(o,,, +0,).
From the first equation of (1.4), we have
Ax )" 0. +0 )
— n — _1 n+1 n+1 n n+1
S ES SR LREIN SRV
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where p, = {% + ;—“} > 0.

n n

From second equation of (1.4),

7 :(% " (_1)“{—'On+1 * Py T —(-1)"q.
A, A,
N . _
whereq, = A—n+E} > 0. Repeating this
process,

Az, = (=1 (Gn,y +0,) = ~C, (=)0}

n+7
_C ( 1)(n+1+7)ﬂ0n+7

Since 7 is odd, therefore (1.1) has quickly
oscillatory solution with positive odd terms, which
gives contradiction.

Remark 2.2: If 7 is even, N>0 and N is odd,
then (1.1) has no quickly oscillatory solution.

Theorem 2.3: Let a, f and # be the ratios of odd

positive sequences. If 7=0, then (1.1) has quickly
oscillatory solutions.

Proof Let *n be not quickly oscillatory solution of

(1.1),

That means % = (-1"0,,0, <0

Since 7=0, %5 and # are ratios of odd positive

integers. Let assume that & = p=pn=1

X, =(-1)"0,0,<0

Since * then it follows
AXn = (_1)n[on+l +0 ]
2
A(bnAx ) ( 1) " [ n+1 n+2 + (bn+l + bn )On+l + bnon]
A(CnA(bnA(Xn ))) = (71) [bn-20n+3 + (bmzcn- +bn+1cn+1 + bn-lcn bmz +bmlcml +bn+1cn + bncn)on-l +bncn0n]
(2.1)

Taking *=F=H#=1 and 7=0 in (2.2), then it
becomes

52



"TIEST

Engineering & Management

A, Ab,A(X,))) = —¢, %, 2.2)

Comparing (2.1) and (2.2), we get

(D)"[b,,0,.5
(2.3)

+ (bn+2cn+l + erlcrHl + erlCn bnﬂ + (bn+1cn+1 + bn+1cn + bncn )OrHl + bncnon ] = 70" Xn

According to the assumption % <0 then the left

side terms of (2.3) are positive. But the right side
terms of (2.3) are negative, which is a contradiction.

Hence the solutions of *nof (1.1) are quickly
oscillatory solutions.

3. Oscillatory Solutions

Lemma 3.1: The followings are equivalent.

(i) xis asolution of (1.1).

(i) y=y,, where y, =b,(Ax,)“, isa solution of

A bl ) v -0

n n+7z

(3.1)

(iii) z=z,,wherez, = a,(Ay,)”, is a solution of

1 1 1 up
A(an(ACl_/#(AZn) ﬂ}]+ a1/,8 L./ =0.

Proof:

(3.2)

Let us prove (i) is equivalent to (ii).

Consider the third equation in (1.4) and (1.1), we
express as follows,

e = (02, == ola ay, Y )
(3.3)

Next, we consider the first equation in (1.4), we
have

AXn+r = _A[

) |-

n n+7z

N0 J iz Yre =0

n+7r

A[ 7w (A(a

n
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which gives (ii).

Next, to prove (i) is equivalent to (iii). From (3.3),

l L
AXn = _A( Cl/,u (A(anfr (Aynfr )’B ))UIL j.

Ayl’] = A(bn (Axn )a)’

Substitute this into we get

Ay, = [b[ A[C;l; (Aa, . (ay, ) )U”D}

From second equation in (1.4), we get

Ayn+r = A(bnﬂ (_ A(Cli/,, A(an (A )ﬂ ))1/# JJ J
1 1 W o 1 4
= _A(bm—r [A[Cn (AZ ) )1 JJ] a]_/ﬁ Zn+f

which gives (iii).

Theorem 3.2:
(3.2) are oscillatory.

(1.1) is oscillatory < (3.1) &

Proof: Equation (1.1) is oscillatory.
< Every solution (1.1) is oscillatory.

<X e N,.

nis an oscillatory solution of (1.1) for n

< Ynisan oscillatory solution of (3.1) for neN,.

Lemma 3.3: Assume (1.5), then any solution of

(X, ¥:2) of (1.4) so that *» > 9 for the large value of
N is of the following types:

(B,) x,>0,y, >0,
n.

Zn >Ofor all the large value of

(B,) x, >0,y,
n.

<0,z, >Ofor all the large value of
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Proof: Let (X¥:2) pe non-oscillatory solution of
(1.4).

Therefore, there exists a solution such that

Yo >0,2, <0 00 the large value of M-

Az, <0 z, <K,

Since ' there exists K > Osuch that
for the large value of N Summing the second
equation of (1.4),

yno ZAIZl/,B < Zl/ﬁZAI <_ kl/,li’ZAI

i=n, i=ng i=n,
Taking " ™ * which implies
limy, =—0
Similarly, the result is true for a solution
Yo <0.2, <0’for the large value of N. Summing

the first equation in (1.4), then

szIl/a<yl/aZB Z

i=ny i=ng i=ngy

Xy = Xo,

limx, =—o
n—w

Taking N %, & we get , which is a

contradiction.

Lemma 3.4: Equation (1.1) has solution of type
(Bl), if the following are not hold

n=n, i=n, M;

(04
i—1 1
= 00
/ﬂ '

Let (the solution of (1.4)) (%¥:2) pe a

<i>icn["i bia] =c0
(3.4)

n+r-1

(i), Z

n=n, i:n0

(3.5)

Proof:

solution of type (Bl), that is all the solutions are
positive.

Published by: The Mattingley Publishing Co., Inc.

March - April 2020
ISSN: 0193-4120 Page No. 51 - 58

There exists k>0g7is positive increasing such

nn>n,.

that Zn~ = 2k for large

From the first and second equations in (1.4), we get

X _ZBylla

i=n,

j-1 j-1 j-1
Y= AZ 22 Y A 2K A

i=ng i=ng i=ng

a i n la
X > yr];/a ZBn > kl/a Jz:Bn(ZJ:A.]
(3.6)

n=n, n=n, k=ng

Let us assume (3.4) and (3.5) hold. By assuming
third equation of (1.4) and using (3.6), we get

- _ZAZ >ZC| n+r

i=ng

e fn(gn) |

i=ng j=ngy k=ng

Therefore (1.1) has no solution of type (B.) :
This completes the proof.
Lemma 3.5:

2.C

Let "= < pe hold.

Then (1.1) has no solution of type (B,) if any one
of the following conditions hold, (i)
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Up
r; p/« [; alls (;CJ ]

(3.8)

l/a

=0

Proof: Let (z, a, b) be a solution of (1.4) and

satisfying Zn > 0:@ <0, b, >0.

Since the solutions Z and ~ Y are positive and

decreasing, we get

MM =2z, 20

!]Lrgynzyw’ ngo

By summation of the third equation of (1.4), we get

- ZC Xk+r

n No n=n,

z

which implies,

2, =1, +ZC xkﬂ_kaZCk.

k=ng k=ng

Let us assume (i) hold,
equation of (1.4), we get

then summing second

- 1/p
y, = Sa _xk/ﬂzA{zckj

n=n, n=n, k=n

- - 1/ p
ym = yn +Xk+r zAn(zCk]

which is a contradiction.

Let (ii) hold, consider the second equation of (1.4),
we have

~Y, =Y. +ZAkZ“ﬁ

. 1Up
Ly, xﬁ:sz{zch

(3.9)
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Since X is positive decreasing and using (4.1), we
have

n-1
Xn0 =X, + Z Bk (_yk )l/a

n=n,

Se[gage] |

1/«

I=n

which is a contradiction.

Therefore (1.1) has no solution of type (BZ )

This completes the proof.

ch<oo

Theorem 3.6: Assume that (1.5), "™

t€Z, if (35) and (3.8) hold then (L.1) is
oscillatory.

and

Proof From the lemma 3.4 and lemma 3.5, if the
conditions (3.5) and (3.7) hold, then (1.1) has no

solutions of type (8.) and (B,)

By lemma 3.3, (1.1) has oscillatory solutions.

icn<oo

Theorem 3.7: Assume that (1.5), "™

7€Z, if (36) and (3.9) hold then (L.1) is
oscillatory.

and

Proof  From the lemma 3.4 and lemma 3.5, (1.1)

has no solutions of type (Bl) and (Bz) if the
conditions (3.8) hold.

Then by lemma (3.3), (1.1) is oscillatory.

4. Almost Oscillatory Solutions

Throughout this section, the conditions of almost
oscillatory solutions of (1.1) are obtained.

Corollary 4.1: 1fx,y, zis asolution of (1.4), with
bounded first component and such that one of its
components is of one sign, then there exists limit of
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sequence (Xn) and exactly one of the following two
cases are hold

limx, =0

(i) o= and sequence XY and Zare
monotonic for the large value of n, or
. (y ) ) ) limx, =0
(i) sequence \/n/ is of one sign and "=
Corollary 4.2: Assume
YA =38, =
) ) limx, € R,
and X, y, z is a solution of (1.4), so that

then

limy, =limz =0.

N—o0 N—o0

limx
Proof Since ™= " is finite. Consider the first
equation in system (1.4),
Ax, =By,

n

Summing the equation, we get

S 1/
Xn =Xno +ZBiyi ¢

i=n,

limy >0

n
N—o0

Now, assume the contrary tha

~limy, Y >0
n—oo
Since B, is positive and taking N tends to infinity,
limx, =0 .
we have n-= which is a contradiction to the

Ilmxn - - -
fact that "= is finite.

limy, =0.
Hence n->=

o limz, =0.
Similarly we can prove "=
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26
Theorem 4.3: and =t is divergent,
then all the solutions of (1.1) is almost oscillatory.

limx, eR

If n—oe

Proof:  Assume the contrary that (1.1) has a non —
oscillatory solution does not approach zero. Now,

we assume that % > 9 for the large value of n.

From corollary 4.1, {Xn} exists. We have
limx, =k € (0,0).

Since Xn+r >0
such that

' there exists a positive integer Ny

k

Xiir 2 >
2 for"=M

Since {Cn} is a real positive sequence. Summing the
equation (4.1), we get

0 k,u 0
ZCiX”m > 7ZCi =00
i=n i=n

Summing the third equation of (1.4), we have
n-1

Z, =2, ==Y CX"i
i=1

limz, =0.
By corollary 4.2, we have "=

Taking N tends to infinity in above equation, we get
Z1 = Zci Xi/:—r
i=1

which gives a contradiction to the fact that 21 s a
constant term. Therefore, any bounded solution of
(1.1) is almost oscillatory.

5. Examples

Example 5.1: Consider the third order difference
equation
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A(2"(a4"(Ax, )))+1300(2%" )x, =0.
(5.1)
Here @ =20.b, =4" ¢, =130002™) 4

a=pf=pu=1%=(D"3" i gne of the quickly
oscillatory solution of (5.1).

Example 5.2: Consider the difference equation of
order 3,

AN —1)(A%%,)) + —2—xt =0, (i 21).
n-1

(5.2)

1
c,=——
Here & =N-1b, =14 n-land®=/A=1
we have
0 -1 o0
Z(n—l) :Zl:oo,
Z(—)(Z—) o0

(Z )(Z—)(Z—) 0

and "o n= n0

Therefore if #>1 then the conditions (3.5 and
(3.8) are satisfied and by theorem 3.6, (5.2) has no
solution of type (Bz), therefore (5.2) is oscillatory.
a_n = l,bn =
Example 5.3: Suppose that n

C.=2N 1ot @=F=L Tae the deviating
argument 7 is 2 then the equation (1.1) becomes

A(l (AL (AX, )D +2nx*, =0
n{ n-1 (

Thus,

n-1 and

#21) (53

SR

n=n, n=n,
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and

fo 312

n=n, n=n, \ n=n,

Therefore if # =L the conditions (3.6) and (3.9) are
satisfied. Hence by theorem 3.7, (5.3) has no

solution of type(Bz) , hence (5.3) is oscillatory.

Example 5.4: By
difference equation

considering the third order

25

(i)a? (3" (ax, ) )+ 237, =0
D"
has the oscillatory solution 2"  and deviating
argument 1. Here
a,=1lb, =3"c, = %(3“*3),05 =1&p[=nu=3.
(ii)A(2n(A%x, ))+8(2n-1)x,,, =0 (5.4)
Has deviating argument 3 and
a,=2nb, =1c, =82n-1),a=pF=u=1 Hence
1
X0 =20 . : .
3" is negative solution of (5.4).
Example 5.5: Suppose that
3 2
a —1b —n+lc - 2(4n° 4+ 21n +27n+1).
(n+)(n+2) Let
a=p=1
Then (1.1) becomes,
3 2
A (n+1(AX,))+ 2(4n° +21In“ +27n+1) X, =
(n+1)(n+2)
(5.5)
lim—= ( 1) zcn = 0.
n—o 20 & n=1
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Hence by theorem 4.3, 2N s almost oscillatory [11]

D"

solution of (5.5).
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