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The concept of neutrosophic set was introduced by Smarandache. Atlansov introduced the
concept of neutrosophic topological spaces. The main aim of this paper is to introduce the
notation mga—closed sets in neutrosophic topological spaces. We investigate its properties
and its relationships are derived. Further mga-closed mappings are also defined and studied

I. INTRODUCTION

The notion of netrosophic sets was developed by
FloretinSmarandache&Atanasov generalized this
idea to neutrosophic sets using the notation of fuzzy
sets. In addition to Coker introduced neutrosophic
topological spaces using the notion of neutrosophic
sets.

I.LPRELIMINARIES

Let X #¢. A neutrosophic set(NS) N in NTS is
defined as N={<X, HUn ,on,yn>:xeX},and pn:
X—[0,1] &yn:X—[0,1] denotes the degree of
membership pn(X) & the degree of non-membership
function yn(x) for all xeX to the set N resp. 0<
MnHYNST for all xeX. 0=<0, 1>: 1=<1, 0>:xeX are
called empty and whole neutrosophic sets on X
resp.. A neutrosophic set N={<x,un ,on ,YN>:X€X},
called a subset of neutrosophic set C = {< X, Uc,
oc,yc>:xeX} if uny<c and yn < yc for each xeX.

The complement of a neutrosophic set N= {<X, Un,
onYN>iXeX) s N°={<x,un,0on,yn>:xeX}  the
intersection(resp. union) of any arbitrary family
neutrosophic sets is given by
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NNC={<x,uNAuC,cNAcC,vNVvC>/xeX}
NUC={<x,uNVuC,oNVoC ,yNAVC>/xeX}

A family 1 of neutrosophic sets on X is said to be a
neutrosophic topology on X if the neutrosophic sets
0, 1€t, & 1 1s closed under arbitrary union and finite
intersection. The ordered pair (X, 7) is said to be a
neutrosophic topological space . Let N be a NS on X
Then

(i) int(N)=u{G ,GisaNOSin X & G € N}
(i)cl(N)=N{K ,Kisa NCS in X & N € K}
Definition2.1
A subset of N of a space (X, 1) is called:
(i) Regular open if N = int (cl(N)).
(i) m open if N is the union of regular open sets.
Definition2.2

A NS N =<x,u,v> in a NTS is called a neutrosophic
semi closed if

(NCS) N ccl(int(N)).
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Definition2.3

A NS N=<x,u,v> in a NTS is called a neutrosophic
semi open set (NSOS) if N cl(int(N)).

Definition2.4

A NS N in a NTS is a neutrosophic pre closed set
(NPCS) if cl(int(N))<=N,its complement is (NPOS).

Definition2.5
Consider a NS N in NTS, then it is called:

(1)neutrosophica-openset(NaOS) if
Ncint(cl(int(N))),

(i1)neutrosophica-closedset(NaCS)ifcl(int(cl(N))) S
N.

Definition2.6

LetZbeaNSin(X,T)isa
(i)neutrosophica-openset(NaOS)ifZ < cl(int(cl(2))),
(i1)neutrosophica-closedset(NaCS)

If int(cl(int(2)))< Z.

Definition2.7

LetZbeaNSin (X, T)isa

()neutrosophicregularopenset(NROS)ifZ=
int(cl(2)),

(ii)neutrosophic regular closed set(NRCS)
If Z=cl(int(Z2)).
Definition2.8

A NS N of a NTS is a neutrosophic w-closed
(NWCS) if cI(N)<O whenever N € O & O is a NSO
. Otherwise it is called a Nw-open (NWOS) if Nc =
NWCS.

Definition2.9

A NS N of a NTS is a neutrosophic generalized
closed set (NGCS) if cl(N)S O whenever NcO and
O is a NOS. The class of all NaCSs (NaOSs) of a
NTS is denoted by NaC(X).

Published by: The Mattingley Publishing Co., Inc.

March - April 2020
ISSN: 0193-4120 Page No. 10 - 17

Definition2.10

Consider a NS N. Then the alpha interior & alpha
closure of N are defined by

aint(N)=U{L ,L is a NaOS in (X,T) & L € N}
aclN)=N{M ,MisaNaCSin(X,T) & NS M}
Remark2.1
Let N be a NS (X,T), then

(1) o cI(N)=Nuint(cl(int(N))),

(ii) aint(N)= NN cl(int(cl(N)))
Definition2.11

Consider N be a NS of a NTS. Then the semi
closure of N (scl(N)) is given by scl(N)= N{M/M is
aNSCSIinNTS & NS M.

Definition2.12

A NS N of a NTS is a neutrosophic generalized semi
closed set if sc(N)S O whenever N € O & O is a
NTS.

Definition2.13

A NS N of a NTS is a neutrosophic semi pre closed
set (NSPCS) if there exists a NPCS B with
int(B)SNCEB.

Definition2.14

A NS N of a NTS is a neutrosophic generalized
alpha closed set (NGaCS) if acl(N)SO whenever
N<O and O isa NOS.

Remark2.2

Each NOS is NSOS in NTS.
Remark2.3

Union of two NROS is NOS in NTS.
Remark2.4

Each NzOS is NOS in NTS..
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I1l. NEUTROSOPHIC II-GENERALIZED
ALPHA CLOSED SETS

In this chapter, the notion of NnGaCS is defined and
few of their characteristics are investigated.

Definition3.1

A NS N is said to be a neutrosophic g alpha closed
sets(NmGaCS)in NTS, Nocl(A)SO wherein ACO &
O 1s a NnOS.

Example3.1

Consider X = {zl, 22} & T= {0, NG, 1} is a NTS,
Where NG=<z, (0.6, 0.5, 0.5), (0.4, 0.5, 0.3)>Then
NG=<z, (0.4, 0.1, 0.5), (0.3, 0.1, 0.6)> is a NngaCS.

Theorem3.1
Each NCS is a NnGaCS, not the converse.

Proof: Suppose N be a NCS and let NcO and O is a
NznOS. By given acl(N)Sscl(N)<cl(N) and N is a
NCS , acl(A)Scl(A)=ASNU. Then it is NnGaCS.

Example3.2

Consider X= {zl, z2} & T= {0, NG, 1}, NG=<z,
(0.6,0.1,0.4), (0.6,0.1,0.3)>. Then the NS N=<z,
(0.4,0.1, 0.5), (0.3, 0.1, 0.6)>, then N is Nmga-
closed. But not NSC-set.

Theorem3.2
Each NaCS is a NaGaCS ,not the converse.

Proof: Let N be a NaCS and NSO where O is a
NzOS in NTS.By given, cl(int(cl(N)))EN. Then
int(cl(N))EN . we have int(N)EN,
cl(int(N)<cl(N),hence int(cl(int(N)))<int(cl(N))EN,
it leads to acl(N)ENCE O . Therefore it is NnGaCS.

Example3.3

Let X={z1, z2} & NG=<z, (0.7, 0.1, 0.2), (0.6, 0.1,
0.3)> and T= {0, NG, 1} be a NT. Then the NS N=
NG, is a Nnga-closed set.

Theorem3.3

Each NoCS is a NnGaCS, not the converse.
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Proof: Let N be a NaCS. By given, acl(N)S N
wherein N €O & O€ NnOS. Then ocl(N)S O
wherein N €O & O€ NOS. Hence N is a NnGaCS.

Example3.4

Let X= {zl, 22}& T= {0, NG, 1} is a
NTS,whenever NG=<z, (0.5, 0.2, 0.5), (0.5, 0.4,
0.5)> Then NS N=<z, (0.4, 0, 0.6), (0.5, 0, 0.5)> is
an NPCS-set. But not Nnga-closed.

Theorem3.4
Each NRCS is a NnGoCS, not the converse..

Proof: Let N be a NRCS. By Def. N= cl(int(N)).
Then cl(N)=cl(int(N)). Thus cI(N)=N. Hence N is a
NCS. By Thm. 3.1, N is a NnGaCS.

Example3.5

Consider X= {zl, z22}& T= {0, NG, 1} is a NTS,
NG=<z, (0.6, 0.3, 0.5), (0.5, 0.6, 0.5)> then NS
N=<z,(0.2, 0.1, 0.7), (0.3, 0.1, 0.6)> then N is
NnGa-closed but not NPCS.

Theorem3.5
Each NWCS is a NnGoaCS, not the converse.

Proof: Suppose N be a NWCS and NSO&O is a
NnOS€e NTS. By assumption cl(N)SO wherein
NSO ,because acl(N)S cl(N) & N is NWCS ,
aclN)Scl(N)S O, wherein N € O & O€ NSO.
Thus N is a NntGaCS.

Example3.6

Consider X= {z1, z2} and T= {0, NG, 1} is a NTS,
NG=<z, (0.6, 0.1, 0.3), (0.7, 0.1, 0.2)> then the NS
N=<z, (0.2, 0.1, 0.7), (0.3, 0.1, 0.6)> then NG is
NngaCS, not NWCSs.

Theorem3.6
Each NGSCS is a NnGoCS, not the converse.

Proof: Let N be a NGSCS. By given, scl(N)<O,
wherein NCO& OeNznOS. By Remark acl(N)<SO ,
wherein NCO & O eNOS. Hence it is NnGaCS.
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Theorem3.7
Each NGoaCS is an NnGaCS, not the converse.

Proof: Let N be a NGaCS. By given, acl(N)<SO,
wherein NCO & O€eNnOS. By assumption and
(Remark2.3)acl(N)Sscl(N)cO,wherein N €O & O
€ NOS. Then N is NnGaCS.

Theorem3.8
Each NnGSCS is a NntGoCS not the converse.

Proof: Consider N is a NnGSCS €NTS.Given that,
scl(N)<O, wherein NCSO&OEeNROS.
acl(N)Sscl(N)SO ,wherein NcO & O € NznOS.
Hence N is NnGoCS.

Remark3.1

Let N and M be in NnGoaCS. Then NNM is not a
NzGaCS.

Theorem3.9

Consider X is a NTS. Then for each P € NnGaC(X)
& every all QeNS(X), PcQ CaclP) => Q
ENTGaC(X).

Proof: Let Q€O &0 eNnOS. Since P€Q, P< O and
P € NnGaCS, acl(P)SO, wherein PS O, By given
,QCacl(P),acl(Q)Sacl(P)S0. Therefore acl(Q)=O
.Hence Q is a NnGaCS.

Theorem3.10

Let N be both NTtOS & NnGaCS in NTS, then N is
a NaCS in NTS.

Proof: Let N be a NnOS. Since NSN, By given
acl(N)EN but always NSacl(N). We get acl(N)=N.
Hence N is NaCS.

Theorem3.11

Let X be a NTS. Ifa NS N is both NtOS & NCS of
X, then the following are equivalent:

(1) Nisa NGCS
(2) N is a NnGaCS.
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Proof: (1) = (2): Consider N is NGCS in NTS. By
theorem 3.8 N is NaGaCS in NTS.
(2)=(1):Consider N € NnGaCS. Then ocl(N)<SO
wherein NS O&O€eNnOS,=> acl(N)S cl(N)cO ,
wherein NEO , Since N is both NnrOS & NCS in
NTS . Then it is NGCS.

Definition 3.17

Let N be a NS .Then

The Nz-kernel=N { K: K is a NtOS and NEK}
Remark3.2

Let NcX, then N is NTS 1s NagaC if acl(N) SNn=-
ker(N).

Theorem3.12

Let NCX, then N is NnGa-closed iffacl(N) CNn-
ker(N).

Proof: Since N is NngaC, acl (N)EN for any n-open
set O& NCEO and then acl(N)ENzn-ker(N).
Conversely, consider O is any Nz open set such that
NCO.By assumption, oacl(N)SNzn-ker(N)€O and
hence N is NngaC.

Theorem3.13
Let N is Nm-open and NngaC. Then N is a-closed.

Proof: Since N is Nm-open & NngaC, aCI(N)c N,
but NcaCl(N) Hence, N is aC.

Theorem3.14

Consider N is Nnga-closed in NTS. Then aCl (N)\N
does not contain any nonempty Nz-closed.

Proof: Consider V is NzC subset of aCl (N)\N. Then
Nc X \V, wherein N is NVzgaclosed and X \V is
Nr-open. Hence aCl (N) € X \V, or Vc X \aCl (N).
By given VcCI(N), we get a contradiction.

Corollary3.1

Consider N be a Nnga-closed in NTS. Then N is
Na-closed iff aCl (N)|N is NnCs.

13
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Proof: Necessary: Let N is Nmgo-closed. By
assumption aCI(N)=N & aCI(N)\N= ¢ which is
NnCs.

Sufficient: Let aCI(N)\N € NzC. Then by Thm. 3.9,
aCI(N)\N= 7. i.e, aCI(N)=N. Hence, N is aC.

IV. NEUTROSOPHIC IIGAC MAPPINGS

In this chapter we define neutrosophic ngaC
mappings and discuss few of its characteristics.

Definition 4.1

A map fi(X,1)—(Y,0) is said to be neutrosophic
ngaC mapping if f(N) is a NnGaCS € (Y,o) for all
NCS N in (X,71).

Example4.1

Consider X= {p, q} & Z= {r, s}. Now T1=<x, (0.4,
0.1, 0.5), (0.4, 0.1, 0.5) & T2= <x, (0.4, 0.1, 0.5),
(0.3,0.1) 0.6)> are NTs on (X,t) and (Z,c). Consider

a mapping f:T1—T2 by f(p)=r & f(q)=s. Hence f is
a NnGaC.

Definition4.2

A map fi(X,1)—(Y,0) is called neutrosophic ngaO
map (NntGa open map)if f{iM) is a NnGaOS € (Y,0)
for each NOS M € (X,1).

Example4.2

Consider X= {p, q} and Y= {x, y}.Let T1=<x, (0.6,
0.1, 0.3), (0.5, 0.1, 0.4)> and T2=<x, (0.2, 0.1, 0.7),
(0.3, 0.1, 0.6)> are NTs in (X,1) & (Y,0)
respectively. Consider a fi(X,1)—(Y,0) by f(p)=x
and f(q)=y. Then map is a NnGaO.

Theorem4.1

Each NC map is a N#GaC map ,not the converse.

Proof: Consider f: (X,1)—(Y,0) is a NC map & N is
a NCS € (X,1). But fis a NC map, f(N) is a NCS€
(Y,o). For each NCS eNnGaCS, f (N) eENnGaCSe
(Y,o). Hence map is a NnGaC.

Example4.3
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Consider X= {p, q} and Y= {x, y}and T1= <x, (0.2,
0.1, 0.7), (0.1, 0.1, 0.8)> ,T2= <y, (0.3, 0.1, 0.6),
(0.2, 0.1, 0.7)> are NTs on (X,t)and (Y,0)
respectively. Consider f:X— Y by f(p)=x & f(q)=y.
Let NS N= <x, (0.7, 0.9, 0.2), (0.8, 0.9, 0.1)> is a
NCS in X. Then f(n) is a NtGa in Y. Hence map is
NnGaC map, f(n) is not a NC.

Theorem4.2
Each NGC map is a NtGaC ma, not the converse.

Proof: Let fis a NGC map. Consider M is a NCS in
X. By assumption f(M) is a NGCS in Y. but all
NGCS is NnGaCS, f{(M) is a NnGaCS in Y. Then
the map is a NnGaC.

Example4.4

Consider X= {p, q} and Y= {Xx, y}.let T1=<x, (0.5,
0.1, 0.4), (0.6, 0.1, 0.3)> and T2= <y, (0.6, 0.1, 0.3),
(0.7, 0.1, 0.2)> are NTs on (X,1) and (Y,0)
respectively. Consider f:(X,t)—(Y,0) by f(p)=x and
f(g)=y. Let NS n=<x, (0.4, 0.9, 0.5), (0.3, 0.9, 0.6)>
is a NCS in (X,t).Hence map is a NtGaC map ,map
is not NGC.

Theorem4.3
Each NaC map is a NnGaC map, not the converse.

Proof: Let fis a NaC map and M is a NCS in X. By
given f(M) is a NaCS in Y. Since each NaCS is a
N7GaCS, fiM) is a NtGaCS in Y. Then the map is
a NnGoaC.

Example4.4

Consider X={p, q} and Z= {r, s}.Also T1=<x, (0.4,
0.1, 0.5), (0.5, 0.1, 0.4)> and T2=<x, (0.4, 0.1, 0.5),
(0.3, 0.1, 0.6)> are NTs on (X,1) and (Y,0)
respectively. Consider fi(X,1)—(Y,0) by f(p)=r &
f(g)=s. Let NS n=<x, (0.5, 0.9, 0.4), (0.4, 0.9, 0.5)>
is a NCS in (X,t). Hence the map is a NtGaC map,
map is not a NaC.

Remark4.1

A NnGaC map is independent of a NPC mapping.
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Example4.5

Consider X={p, q} and Y= {x, y}.Let T1=<x, (0.1,
0.1, 0.8), (0.2, 0.1, 0.7)> and T2= <y, (0.7, 0.1, 0.2),
(0.6, 0.7, 0.3)> are NTs on (X,t)and (Y,0)
respectively. Consider f:(X,1)—(Y,0) by f(p)=x and
f(q)=y. also NS N= <x, (0.8, 0.9, 0.1), (0.7, 0.9,
0.2)> is a NCS in X. Hence the map is a NnGaC,
map is not a NPC.

Example4.6

Consider X={p, g} and Y= {x, y}.Let T1=<x, (0.7,
0, 0.3), (0.6, 0, 0.4)> and T2= <y, (0.4, 0, 0.6), (0.5,
0, 0.5)>are NTs on (X,r) and (Y,o) respectively.
Consider f:(X,1)—(Y,0) by f(p)=x & f(q)=y. Let NS
N=<x, (0.3, 0.7,0.7), (0.4, 0, 0.6)> is a NCS .Hence
the map is a NtGoaC, map is not a NnGaC.

Remark4.2
A NnGaC map is independent of a NGSC map.
Example4.7

Consider X= {p, q} and Y= {X, y}.Let T1l= <x,
(0.45, 0.1, 0.45), (0.5, 0.1, 0.4)> and T2= <y, (0.5,
0.1, 0.4), (0.6, 0.1, 0.3)>are NTs on (X,t) and (Y,0)
respectively. Consider f:X—Y by fla)=u & f(b)=v.
Let NS N= <x, (0.45, 0.9, 0.45), (0.4, 0.1, 0.5)> is a
NCS. Hence the map is a NnGaC, map is not a
NGSC.

Example4.8

Consider X= {p, q} and Y= {X, y}.And T1l= <X,
(0.8,0.1, 0.1), (0.7, 0.1, 0.2)> and T2= <y, (0.2, 0.1,
0.7), (0.3, 0.1, 0.6)> are NTs on (X,7) and (Y,0)
respectively. Consider fi(X,1)—(Y,0) by f(p)=x and
f(q)=y. Let NS N=<x, (0.1, 0.9, 0.8), (0.2, 0.9, 0.7)>
is a NCS in in (X,t). Hence the map is a NGSC, map
is not a NnGaC.

Theorem4.4

Consider f:X—Y.Suppose f(A) is a NRCS in Y for
each NCS N in X. Then f'is a NngaC map.
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Proof: Let N be a NCS in (X,1). Then f(N) is a
NRCS in (Y,0). Since each NRCS is a NnGaCS,
f(N) is a NtGaCS in (Y,0). Then f'is a NnGaC.

Theorem4.5

Consider £:X—Y is a NtGaC map. Then fis a NFC
map if (Y,0) is a NFroaT1/2 space.

Proof: Consider a NS set N in (X,7).. By given, f(N)
is a NntGaCS in Y. Because Y is a NFnaaTl/2
space, f (N) is a NCS. Hence the map is a NFC.

Theorem4.6

Consider f:(X,1)—(Y,o0) be a map from a NTS (X,1)
into a NTS (Y,5). Then the followings are
equivalent if Y is a NFrnaaT1/2 space.

(1) fis a NntGaO map,

(2)If N is a NOS in X.Provef(N) is a NtGaOS in Y
(3)f(int(N))<int(cl(int(f(N)))) for all NS N in X.
Proof (1)=(2):The proof is trivial.

(2)=>(3):Let N be a NS in X. Then int(N) is a NOS
in X. Then f(int(N)) is a N@#GaOS in (Y,c). Since
(Y,o0) is an NnaaT1/2 space, f(int(N)) is a NOS in
(Y,0). Hence
f(int(N))=int(f(int(N)) Sint(cl(int(f(N))).

(3)=>(1):Let N be a NOS in (X,1). Since f
(int(N))<int(cl(int(f(N)))).=>f(N) <int(cl(int(f(N)))).
Hence f (N) is a NaOS. Since every NaOS is a
NnGaOS, f (N) is a NnGaOS in (Y,0). Thus fis a
NnGaO map.

Theorem4.7

Consider fi(X, 1)—(Y,0) is a NnGaC map. Then fis
a NGC map if (Y,0) is a NnabT1/2 space.

Proof: Let N be a NCS in (X,1). Then f(N) is a
NnGaCS in (Y,0). But (Y,0) is a NFrabT1/2 space,
f(N) is a GCS in (Y,0). Hence the map is a NGC .
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Theorem4.8

Consider fi(X,1)—(Y,05) be a NC map and g:
(Y, 0)—(Z,0) be a NnGaC map. Then g o
f:(X,1)—(Z,9) is a NnGaC map.

Proof: Let N be a NCS in (X,t). Then f(N) is a NCS
in (Y,5). Since g is a NanGaC map, g(f(N)) is a
NnGaCS in Z. Then gef'is a NnGaC.

Theorem4.9

Consider f:(X,t) —(Y,0) be a map from a NTS (X,r)
into a NTS (Y,0). Then the following are equivalent
if Y is a NnoaT1/2 space.

(1) fis a NnGaC map,

(2)f(int(N))Saint(f(N)) for each NCS N of (X,1).
(3)int(f-1(B))=f-1(aint(B)) for each NS B of (Y,0).

Proof (1)=(2):Let fis a NtGaC map. Let N be any
NS in (X,r). Then int(N) is a NOS in (X,1). By
given, f(int(N)) is a NnGaOS in (Y,o0). Since (Y,0)
is a NmaaT1/2 space, f(int(A)) is a NaOS in (Y,0).
Then

aint(f(int(N)))=f(int(N)).Nowf{(int(N) )=aint(f{int(N)
))Saint(f(N)).

(2)=(3):Let S is a NS in (Y,0). Then f~1(S) is a NS
in X. Since given,
f(int(f=1(S)))Saint(f{(f-1(S))) Saint(S). Hence
int(f=1(S))< f~1(aint(S)).

(3)=(1):Let N be a NOS in (X,t). Then int(N)=N
and  f(N) is a NS in  (Y,0).Then
int(f-=1(f(N)))Sf-1(aint(f(N))).Now
N=int(N)Sint(f-1(f(N)))Sf-1(aint(f{N))).Hence
f(N)Sf(f—1(aint(f(N))))=aint(f{IN))Sf(N),then
aint(f(N)) = f(N) is a NaOS in (Y,c). We have f(N)
is a NtGaOS. Then the map is a NnGaC.

Theorem4.10

Consider f:(X,1)—(Y,0) is a NtGaC map& (Y,0) is
a NmacT1/2 space, then fis a NGSC map.

Proof: Let N is a NCS in (X,1). By assumption, f(N)
is a NnGaCS in (Y,0). Since (Y,0) is a NmacT1/2
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space, f(N) is a NGSCS in (Y,o). Then the map is a
NGSC.

Theorem4.11

Consider a map f: (X,t) —(Y,0) is a NnGaO if
flaint(N))Saint(f{N))for each NEX.

Proof: Let N is a NOS in (X,t). Then int(N) = N.
Nowf(N)=f(int(N)) S f(aint(N))<Saint(f(N)).But
aintf(N)Sf(N). Therefore aint(f(N))= f(N). i.e f (N)
is a NaOS in (X,1).This shows f (N) is a NnGaOS.
Then the map is a NnGaO.

Theorem4.12

Consider fi(X,1)—(Y,0) be a map. Then the
following are equivalent if Y is a NmaaT1/2 space.

(1) fis a NtGaC map,

(2) cl(int(cl(f(N)))< f(cl(N)) for each NS N in
(X,1).

Proof (1) = (2) Let N be a NS in (X,1). Then cl(N)
is a NCS in (X,7). By given, f(cl(N)) is a NnGaCS in
(Y,o0). Since (Y,o) is a NnaaT1/2 space, f(cl(N)) is
a NCS in (Y,0) Then cl(f(cl(N)))=f(cl(N)). Now
cl(int(cl(f(N)))) <cl(f(cl(N)))=f(cl(N)).Hencecl(int(cl
(FIN))) SF(cI(N)).

(2)=>()let N is a NCS. By assumption
cl(int(cl(f(N))))=f(cI(N))=f(N). Then f(N) is a
NaCS in and therefore f(N) is a NnGaCS in (Y,0).
Hence the map is a NnGaC.
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