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Abstract

Research works on Operators in Complex Hilbert spaces has been the interest of budding
researchers in the recent years. In 1996, Furuta et al studiedAluthge transformation on p-
hyponormal operators. Later, in 2001 yamazaki et al studiedAluthge transformation and

powers of operators for class A(k)operator. This work was further carried over by
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Pannayappan et al and D.Senthilkumar et al. In this school work, we studied Aluthge
transformation and *- Aluthge transformation for the new class of operator named M class
A, operator on a non-zero Complex Hilbert space.
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I. INTRODUCTION

The Banach algebra on a non-zero complex Hilbert
space H of all bounded linear operators are denoted
by B(H). An operator L is defined as an element in
B(H). If L belongs to B(H), then L™ means the
adjoint of L in B(H). Weyl and Weyl type theorems
where studied for the following class of operators.
Furuta et al introduced class A(k), k > 0 as a class of
operators and extended p-hyponormal and log-
hyponormal operators. They studied Weyl and Weyl
type theorems for the above operators [10]. Later,
Panayappan et al extended this concept and
introduced class Ax operators and verified Weyl’s
theorem [3]. In 2013, Panayappan et al introduced a
new class of operators in a different manner called
class A" operator, quasi class A, operators and
studied Weyl and Weyl type theorems and also
proved tensor product of two quasi class Ay’
operators are closed [4].

It is well known that an operator can be decomposed
into

T= U |T| where U is partial isometry. In 2015,
D.Senthilkumar et al studied Aluthge transformation
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on N —Class A(K) operators [7]. They also studied
Aluthge and *- Aluthge transformation of powers of
N-class A(k) operators in 2016 [6]. The above
research work kindles our interest on studying the
Aluthge transformation for M-Class A, operator.

Definiton 1.1 An operator L is called class Ay
2
L L S’ . .
operator if ‘ ‘ AL where k is a positive
integer.

If k = 1 then class Ay, operator coincides with
hyponormal operator [4].

Definition 1.2 An operator L € B(H) s said to be M-
Class Ay operator if there exists positive real

2
o <
numbers M, k such that [9].

Proposition: 1.3.

If M = 1, then M-Class A" operator coincides with
class A operator.

If M =1 and k = 1, then M-Class A, operator
coincides with hyponormal operator.
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Hence, Hyponormal operator = class Al operator
= M-Class A" operator.

In the next section, we studied Aluthge
Transformation for M-Class A operator.

Il ALUTHGE TRANSFORMATION ON M
CLASS A" OPERATOR

Assume that L is a bounded linear operator on a
complex Hilbert space H. In [1], Aluthge introduced

the L operator for an operator L with its polar

L=U|L|HL*U

decomposition and Takashi [10]

defined L and L’ as below:
L, =L U
L= = uLf

Theorem 2.2 An operator L is called M-Class A
operator if and only if

. |2 2 2k=2
L'x| < MHL"XHk x| % for all x eH.

Lo <M ULKFJ

Proof. We know that

(LL*) < M{(L* L")}é

(LL*x,X) < |v|<{(|_*k Lk)}kx,x>

2k-2

(L*%L*x) <M <{(Lk x, L x)}i>||x||k
(ByTheorem6,[7])

* y||? k : ez
IL*x| <M HL ka||x|| k forallx e H

Hence, proved.
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* *

L=

*

Theorem 2.3 If L =U |L| and is the
polar decomposition of L, then L is M-Class A’
operator.

Proof. By the definition of M-Class A, operator ,

L)
(Luu=i)

(L)< M‘Lk‘i

IA

(UlLur M {u |_*k\uk\|_k\)}i

IA

M {[L|u = uk\Lk\)}i

* * *

L=U|L

So if L =U |L| and is the polar
decomposition of L then it is M-Class A operator.

Theorem 2.4 If L is M-Class A operator and S is
an unitary operator such that LS = SL, then

C = LS is also M-Class A" operator.

Proof. By M-Class A, operator definition,
cc?) <m{crc )
1
(Lsst)<mfestsL)r

U < M‘L"‘i.

Hence C = LS is also M-Class A~ operator.

Theorem 2.5 Let A and P be positive operators.

Then for each P=0and rz0
assertions hold:[2]

the following

r p
! T \per P P \pr
[Bz AP BZJ > B then [BZ A" BZ] <A
1. If

p
p

2.If [Bg A" B2 )p” < AP and N(A) = N(B) then

r

[B; AP B% JPH > Br
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Theorem 2.6 Let L = U |L| be the polar
decomposition of L is M-Class A, operator for 0 <

T S t
p <1, then LS"_|L| U|L| is 2 (p + min(s, t)) M-
Class Ay~ operator for s, t > 0 such that max( s, t) > p

and U*=U .

Proof. By M-Class Ay operator definition,
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2(p+min(s,|))] U< MU I:{ (“_Dk }2(p+mkin(s,|)) } 0
(e < w[lor P

Hence the proof.

*

L

X

Theorem 2.7 If L = U|| is M-class A, operator for

p+mings,) SOMe positive real numbers M, k and U is isometry

1

)" < M [{E;r [ }k}

p+min(s,l)

S) s+l <

o

(L Ul o

1

LF L uM‘)“}ﬁ

M

p+min(s,l)

(UL Lfur) = <
p+min(s,l)
1 s+l
* *I 2s *I K k
M{{(U L] L[ u)}}
. . p+min(s,l)
U[L* L L*j U<

p+min(s,l)
1 s+l

«|! ZS*lkE
LL|L) u

gl

s s\ p+min(s,l)
U(BZA'BzJ s U” <

p+min(s,l)
s+l

1
1 ek
MU (BZASBZJ U

p+min(s,l)

uE™) s U <

o]

by (Theorem F (3.2.1),[10])
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p+min(s,l)

then L is also M-class Ay~ operator.

Proof. Given L is M-class A operator,

ULuL]) < M {(u*k\L"k\uk\Lk\)}i

2

1 1 1 1 1 1 1 1
UL Ul | < My Ul Ul

——

2

<M

1 11 1
LU IL]2ulL2

1 11 1\? 1 11 1\
o] <wlfuuus]|
£T) <m{CTrf

2
k

B <

1 11 1
L ule|eur |2

——

=Iro

Hence, L is M-class Ay operator.

Theorem 2.8 If L and L is M-class A\ operator then

L is also M-class A, operator for some positive real
numbers M, k.
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Proof. Given L and L is M-class A operator Since, Lis M-Class A, operator
1
UL < Mu*(u*||_*|ku||_|k);u (@] <m UEK‘E]
o1
(U o < ©@y) <m (@i}

1 1 1 1
(|L|2 ULz L2 U‘L*‘Zj <

1

LI ko kK
MU*(U*|L*|2|L*|2U|L|2|L|2] U

N L 1 11 1 \x
U (|L|2U|L|2|L|2U |L|2JU < M[‘L*k‘z U‘L*k‘z‘Lk‘gu*‘Lk‘z]

i

k L. Kk
(el (Ui i) <
o [l | (jpuiee o = (i)
M U|L|2L*2|L|2L*zu*”

k
2

K Kook K
Mu*(\L*\zu*\L*\z\L*\ZU\L*\ J U

x|~

| =

1 U*[‘L*‘;U‘L*‘; U*‘L*‘; |L|iju <
U ([C(@C))u < MU’ (([*k)* [*kF u

x|

1 1 1 1 k .
et <o T (COTEEO
T T S
@y <™ Urk\i} U*[\L*\ZU\L\Z UL ILIZJU :
. 1
~ 1 k
Hence, L is also M-class A~ operator. M U{(|L|;U |L|% U |L|% ‘L*‘Zj } u”

Theorem 2.9 1fL€B(H) | L'is M-Class A" operator 1 1 1
. . ~ . . * * 2 * 2 — * — <
and U is isometry then L is M-class Ay operator. U [‘L‘ U‘L‘ |L|2 U |L|2jU -

Proof. ) L. N 2
MU{(|L|2U*|L|2 ‘L*‘ZU‘L*‘ZJ } U
1
U@y T )u < Mul(T @) ) f
2
K

C" < M|y

2
L] < M‘[k‘?
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Therefore L is M-class A, operator

111 *- ALUTHGE TRANSFORMATION OF M-
CLASS A,  OPERATORS

In this part, we discussed *- aluthge transformation
and adjointof *-aluthge transformation of M-class
A\~ operator.

Theorem3.1. If L is bounded linear operator on a
complex Hilbert space, then we know that

1
(1) L=z ULz s the Aluthge transformation

then  the adjoint of  Aluthge
transformation L is given by
~ R |
C=[L|2 U"|Le.
""(*) ~ «\r *1 *%

Gy - CT=LFUT s e = Aluthge
transformation then adjoint of *-

Aluthgetransformation
oy
Theorem 3.2 An operator L=U|L| is M-class A

operator and U is isometry operator if and only if

T (*))* _ .
('— is also M-class Ax operator.

1 3
L2 U*|L| [5][8].

Theorem 3.3 AssumeLEB(H), E*is M-Class A,

TN . .
operator then (L) is M-class Ay operator.

Proof.Given thatL'is M-Class A

~ 2 ~ 3
‘(L*)* <M UL*""‘J
[L*;U Zj <

k
M HL*ZU*

k

L|2 U*j <M [[U
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operator

k k
L* 2 L*‘E U* L*

x|

2

L

k K \K
L2 UL*ZJ

= |

|k LI
L L‘ZL

k
(uu

K k
s uj
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B

LA e e <)
v [Lzu L] ULz)u < MU [LZUL Usz U

L k k k -
U(Lzu LszUszu <
1

N N N N A
MU (LZULZLZULZ u

_— o~ —

UL LU < MU (L L)

x|k

U

O < M

(@) <

Hence, (L) is M-class A, operator
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