
 January - February 2020 

ISSN: 0193 - 4120 Page No. 12394 - 12406 

 

 

12394 Published by: The Mattingley Publishing Co., Inc. 

Oscillatory and Asymptotic Behavior of Certain 

Generalized Fourth order Quasilinear Difference 

Equations 
 

V. Srimanju, SK. Khadar Babu 

 

Article Info 

Volume 82 

Page Number: 12394 - 12406 

Publication Issue: 

January-February 2020 

 

 

 

 

 

 

Article History 

Article Received: 18 May 2019 

Revised: 14 July 2019 

Accepted: 22 December 2019 

Publication: 23 February 2020 

Abstract 

The fourth-order quasi-linear generalized difference equation (FOQGDE) is given below 
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 Where, 

   and   - positive constants, and 

 )(kp  and )(kq  - positive real-valued function 

Here, Sufficient conditions are attained for oscillation of each solution, when  
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1. INTRODUCTION 

Jerzy Popenda, et.al [19] defined a  as 

)()1()( kaukukua  whilst ascertaining the 

behavior of solutions belongs to a specific type of 

difference equation, a swas ignored for a long 

period. In [16], the a  was generalized to )(la and 

was defined as )()()()( kaulkukula   for the 

real-valued function (RVF) )(ku sand ),0( l The 

solutions of generalized a -difference equations, 

specifically the generalized Clairauts 1a difference 

equation, generalized Euler 1a difference equation, 

and the generalized 1a  

 

Bernoulli polynomial were attained. A solution  

),,()( lkB na was attained for the 1a difference 

equation ,)()1( 1 nnkkauku for )1(Nn  

In the past years, several papers researched the 

oscillatory behaviors of solution of a neutral delay 

difference equation.  

These equations became the mathematical 

solution for certain real-time problems [5, 7-14, 15, 

20-22]. 

In this work, a FOQGDE given below is 

considered, 
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for all ,....},{)( 000 lkkkNk    (2) 

where,  

)(la - 1a Difference operator and is given as

)()()()( kaulkukula  ,  

0k - Non-negative integer 

Y and  - Positive constants,  

)(kp and )(kq  - Positive real sequences  
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Solution of Eqn. (2) is a real sequence )(ku . If any 

„4‟ consecutive values of are given, then a solution 

)(ku  could be defined recursively. )(ku  If this non-

trivial solution is eventually negative or eventually 

positive, it is viewed as non-oscillatory, else it is 

oscillatory. 

Thandapani and Selvaraj [28] and Thandapani, 

Pandian, Dhanasekaran, and Graef [27] regarded the 

non-linear difference equation (Eqn. (2)) providing 

solutions with oscillatory as well as asymptotic 

behaviors. In [28], the Eqn. (2) was elucidated under 

below condition. 
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In [27], the asymptotic behaviors of non-oscillatory 

solutions of Eqn. (2) were examined under the 

condition of Eqn. (3). In [26], the Eqn. (2) was 

considered under the conditions of Eqn.(3), or 
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or Eqn. (6), 

and the condition for the availability of non-

oscillatory solutions of Eqn. (2) was attained.  

For 1 , Eqn. (2) becomes  
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(4) 

Solutions of Eqn. (4) showed the oscillatory as well 

as asymptotic behaviors, and they were discussed by 

Yan and Liu [30], and Thandapani and Arockiasamy 

[29] respectively  
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Later, Graef and Thandapani [15] extended the 

results in [30] to the generalized equation given 

below  
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Here, the solutions of Eqn. (2) which have the 

oscillatory behavior are discussed under the 

conditions in Eqn. 6, 
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Section II describes the classification of solutions 

of Eqn. (4) with non-oscillatory behaviors, and 

Section III delineates the attained sufficient 

conditions of the oscillation of all solutions of Eqn. 

(2). Examples that illustrate the results are 

proffered in Section IV. 

The monographs of Agarwal, O'Regan Bohner, 

and Grace [2], and the references, [3-11, 17-19, 23-

25], are referred for understanding the related 

outcomes of the fourth-order difference equations 

having oscillatory behavior. 

I. PROPOSED METHODOLOGY 

Here, certain basic results concerning the 

classification of non-oscillatory solutions of 

equation Eqn. (2) are defined and proved with no 

loss in generality, it focuses on the positive 

solutions, because if )(ku  satisfies Eqn. (2), then 

)(1 ku
 is a positive solution. Also, the conditions 

are developed and proved for the oscillation of the 

solutions of Eqn. (2). 

II. CLASSIFICATION OF NONOSCILLATORY 

SOLUTIONS 

Lemma 1: If the afore-said Eqn. (2) gives the 

eventually positive solution , then one among 

the succeeding four cases satisfies all-sufficient 

large : 
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eliminates the cases (e) and (f) and hence, the 

lemma-1 is prosssved.” 

Remark 2: If 1 a ,then Lemma Eqn. (1) 

reduces to Lemma 3 of [23].   

Lemma 3: If Eqn. (2) of type (IV) gives a positive 

solution , then there will be a positive number 

c in order that the succeeding inequality satisfies 

all large k : 
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Here, there is a constant 0c  and has sufficient 

large k , in order that Eqn. (7) is satisfied and hence, 

the lemma-3 is proved. 

Lemma 4: Let )(ky be an RVF defined for

)( 0kNKk l  in order that” 
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Here, constant n and an integer Kk 1  appears, 

in order that”  
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Proof: As of Eqn. (8), we get  
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For which, (a) follows immediately. 

Lemma 5: Consider )(),( kqkv  as RVFs defined for 
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Proof:  Arbitrarily fix )( 0kNKk l . Clearly,  
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which is Eqn. (10) with the limit as t . 
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Eqn. (11) as t . When Lemma 4 is applied to 
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By combining Eqn. (11) and Eqn. (13), Eqn. (12) is 

attained and hence, the lemma-6 is proved. 

Lemma 7: If Eqn. (2) of type (II) gives a positive 
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Proof: The proof could be modeled as that of 

Lemma 4 (ii) of Thandapani and Arockiasamy [24], 

and therefore, the details are ignored.  
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By summing the last inequality as of k  to 1s , 

and utilizing the fact 0)(2

)(  kula , we get  
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By combining the last inequality and the inequality of 

Eqn. (7), we get Eqn. (16). This proves the lemma 8.  
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and choose 1K , in order that 1)( k for Kk  . As 

of Eqn. (6), the Eqn. (19) implies that  
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Since k  is increasing and 
k

lim , by Stolz's 

theorem [6], we get  
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Hence, a constant 0d s, and an integer KK 1

appears, in order that  
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For all 1Kk  , utilizing summation by parts, we 
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Using Mean value theorem, we get  
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As of the inequalities in Eqn. (21) and Eqn. (22) 

and using Eqn. (20), and fact “ 1
1



as well as 

)()( kla   is a negative function”, we get  
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where  
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Now, by implementing the fact  
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Where,  
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t
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Let K , we infers that Eqn. (17) implies Eqn. 

(18). Therefore, it proves the provided Lemma 9. 

Certain useful propositions that have an 

imperative role in proving the main outcomes are 

defined and proved in the succeeding Section (3). 

Proposition 10.  Let    If the Eqn. (2) in type 

(II) has a positive solution )(ku , then  




0

000 ))3(()()(
k

lrkrlkqrlk   (24) 

Proof:  If Eqn. (2) of type (II) has a positive 

solution of )(ku , then, )()( kcku   as

)0(  ck . Else if )(ku   is of type (I), (III), 

or (IV) then ],0()(lim 0 


cku
k

.Furthermore,

0)(lim 


k
k

 .Therefore, 
 )(

)(
lim

k

ku

k 
, is a 

contradiction. There exists an integer 0kK   in 

order that  

Kkallforkdkukd  ),(2)()( 44   (25) 

 Now, the Eqn. (2) is multiplied with k , and they 

are totaled as of K  to 1k . Therefore, we get  
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(26) 

Here,  is a constant. As of Eqn. (14) and Eqn. 

(25), we get  

  Kkfordkukp la  

4

2

)( 2)()(   (27) 

From Eqn. (26) and Eqn. (27) and with the fact 

  "0))()((" 2

)()(  kukp lala , we get  
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this gives Eqn. (24). Therefore, the proof is attained.  

   

Proposition 11.  Consider   If the Eqn. (2) of 

type (II) has a positive solution )(ku , then 






))3(()()( 00
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0 lkkklkqklk
k





   (28) 

   

Proof. For a positive solution )(ku of Eqn. (2), 

consider  

0kK  in order that type (II) and Eqn. (15) hold for 

all Kk  , which is expressed by 

)))()((()( 2

)()(

kukpkA lala   

Then, as of the Eqn. (2) and by implementing Mean 

value theorem, we get  
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Here, the inequality Eqn. (15) is utilized. By 

Summing the last inequality as of K  to 1k , we get  
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this results in Eqn. (28). Therefore, the proof ia 

attained.  

Proposition 12. Let  1  If the Eqn. (2) of type 

(IV) has a positive solution )(ku , then  


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000 ))3(()()(
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lkkklkqklk   (29) 

Proof. For a positive solution )(ku  of Eqn. (2), 

choose an integer 0kK   in order that type (IV) and 

Eqn. (16) hold for all Kk  , which is expressed as, 
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1
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)()( kukukpkA lalala 


. Then, as 

of the Eqn. (2), and by implementing Mean value 

theorem, the subsequent equations are attained,  
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From the Eqn. (16) and last inequality, we could 

see 02 c  in  order that  
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By implementing the fact   , that is, kk   for 

all  

  1,1max KKk  , we get 
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By summing the last inequality as of 1K  to 1k , 

we get  
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this results in Eqn. (29). Therefore, the proof is 

attained.  

Proposition 13.  Let  1  If the Eqn. (2) of 

type (IV) has a positive solution )(ku , then  
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    (30) 

   

Proof: Presume that the positive solution )(ku of 

Eqn. (2), type (IV) holds for all )( 0kNKk  With 

Lemma 3, a constant  
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01 c , and an integer KK 1  appears, in order that 

Eqn. (7) holds for all 1Kk  .By summing the Eqn. 

(2) as of 1K  to 1k , we get  
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By totaling the last inequality as of 1K  to 1k , the 

resultant is,  
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As of the last inequality, we figured out, 
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Since )()( kula  is decreasing, that is,  
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for 1Kk  . 

Now, using Eqn. (7), we get  

1

1

111

1

0

11

1

11

)()(

,

))3(())((

)())(

)(

)1())((

Kk

lkKuslKslK

uslKqlskK

kp

c
ku

k

s

lala










































 

 

Since 11)()( )()3( KkjlKulku lakla  , a 

constant 0C , and an integer 12 KK  appears, in 

order that cklku  )3(   for 2Kk  .  

Therefore, the fact 0)1(   implies 
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By totaling the last inequality as of 2K  to , we 

attain  








1

1

0

222
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1
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1
))((


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





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








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

K

S

K

la

slKslKqlskK

kP
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Where 0)1( 1

)1(









 ccN , which results in 

Eqn. (30), and therefore, the proof is attained. 

III. OSCILLATION THEOREMS 

Theorem 14.  Let  1 . If  

,))3(()()(
0

00





k

lkklkqklk     (31) 

then each solution of Eqn. (2) is oscillatory.   
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Proof: Consider, to contrary, If Eqn. (2) gives a 

positive solution )(ku , then )(ku  falls under one of 

the „4‟ types (I to IV) previously mentioned in 

Lemma 1. Hence, it is almost enough to confirm that 

each case led to a contradiction of Eqn. (31). 

Case (I): The Eqn. (2) of type (I) gives a positive 

solution for all Kk  . Since

Kkkuku lala  ),()( )()( , certain constants 0c , 

and integer KK 1  appear, in order that  

ckku )( for 1Kk  . By summing the Eqn. (2) as of 

1K  to  and implementing the last inequality we 

attain  






















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2
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1
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2

)(1

)(

1

2

)(

1

1

2

)(1)(

11

0

0
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)(

)()(
)1(

))()()((

)()(

)()(







rlKu

rlKurlKp
a

KuKuKpa

klKqklKu

klKqklKc
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r
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lalala

k

k

 

Therefore, we deduce that  







0

11 )()(
k

klKqklK 
   (32) 

Contrarily, in Eqn. (6), there exists an integer 

, in order that 1)3(  lK  for 2Kk  . The 

fact 1 , implies kk  for  1,max 23 kkk  , and 

consequently, we attain  

























0

33

0

33

0

333

)()(

)()(

))3(()()(

k

k

k

klKqklK

klKqklK

lkKklKqklK


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  (33) 

Therefore, Eqn. (32) is a contradiction to Eqn. (31). 

Case(II): If a positive solution )(ku  is attained from 

type (II), then from Proposition 10, it is confirmed 

that the condition (Eqn. (31)) fails to hold. 

Case(III): Consider )(ku  as a positive solution of 

Eqn. (2) of type  (III) for all Kk  . By multiplying 

Eqn. (2) by k , and totaling the resultant equation as 

of K  to 1k  by implementing the summation by 

parts, we attain 
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r
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r
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k

r
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k

S
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
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





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












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
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Where 

,0)()()(

)()()(

2

)(

1
2

)(

)(

1
2

)()(3








 





lKulKulKP

KuKukpaKc
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is constant. Hence, we infers that  







0

00 ))3(()()(
k

lkklkqklk   

Since )(ku  is increasing,  







0

00 )()(
k

klkqklk   (34) 

By integrating Eqn. (33) and Eqn. (34), the result 

contradicts the assumption Eqn. (31). 

Case (IV): If there is a positive solution )(ku  of 

type (IV), then as of Proposition 12, we infers that 

Eqn. (31) is not satisfied. This proves the provided 

theorem. 

 

Theorem 15.  Let  1 . If  
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


















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










0
1

0

000

0

)())()((

)(

1

k
k

s

slkqslklskk

klkp



  (35) 

then each solution of Eqn. (2) is oscillatory.   

Proof: Presume, to contrary, If )(ku  is a positive 

solution of Eqn. (2), then )(ku  falls under one of the 

„4‟ types (I to IV) previously mentioned in Lemma 1. 

Therefore, it is mostly enough to confirm that each 

case contradicts Eqn. (35).” 

Case (I): Consider )(ku  as a positive solution of 

Eqn. (2) of type (I) for all Kk  . As in the proof of 

Theorem 14, we attain Eqn. (32). Then, 

,

)()()(

)())()((

1

0

000

1

0

000

KkforQk

slkqslkkk

slkqslklskk

k

s

k

s
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














 

Where, 





0

00 )()(
k

klkqklkQ 
. By implementing 

the last inequality, we attain  



 
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


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
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

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
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0
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0
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))()((
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1

k

k

k

s

klKp

klK
Q

slklskk

klKp









  (36) 

In view of Eqn. (6), the Eqn. (36) implies that Eqn. 

(35) fails to hold. 

Case(II): If )(ku is  a positive solution of type (II), 

then as of Proposition 11, we infer that Eqn. (35) is 

not satisfied.” 

Case (III): Consider )(ku as a positive solution of 

Eqn. (2) of type (III) for all Kk  . As in the proof of 

Theorem 14, we attain Eqn. (34). With the Eqn. (34) 

and fact 1 which implies kk 
for all

  10,1max Kkk  , we get Eqn. (32). Now, as in 

case (I), utilizing Eqn. (32), we get a contradiction of 

Eqn. (35).” 

Case (IV): If )(ku is  a positive solution of type 

(IV), then as of Proposition 13, we found that 

condition (Eqn. (35)) fails to hold. This proves the 

provided theorem.  

IV. APPLICATIONS 

In this section, we offered some examples to 

elucidate the results provided in the former section   

 Example 16. Consider the generalized quasi-

linear a  -difference equation 

)(,0))3(()3((

)()(
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




 (37) 

Let  1 and  1 . The assumption 

makes sure that Eqn. (6) is satisfied for the function
kkp )( . Then, by utilizing Theorem 14, “the 

Eqn. (2) is oscillatory if (31) is satisfied”, we get 



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 kk
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lksk
k

ks

,

)(
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1
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



 , it 

follows that  


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


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
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Therefore, the condition Eqn. (31) holds if 

0)2(2 



 . Hence, Eqn. (37) is 

oscillatory, if 0)2(2 



 . Utilizing the 

presumptions  

 1 and  1 ,we have

2)
1

1(2  


  

Consider  1 . The assumption  2  

makes sure that Eqn. (6) is satisfied.Then, by 

utilizing Theorem 15, we attain that the Eqn. (37) is 

oscillatory, if condition Eqn. (35) is satisfied. For
Akkq )( , it is simple that  
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Then the condition Eqn. (35) holds if 

2  . Therefore, the Eqn. (37) is 

oscillatory if 2  . Using the 

presumptions  1 ,  2  and, we attain that 

22   .   

Example 17.  Consider the generalized quasilinear 

a  -difference equation  

1,0))3((92))((2 3

2

933

1

2

)(

2

)( 













  klkuku k

la

k

la
  (38) 

Here 1,
3

1
,92)(,2)( 3

2

93   kk kqkp .It is 

perceived that all conditions of Theorem 14 are 

satisfied and thereby each solution of Eqn. (38) is 

oscillatory. 

In fact, 






 


k

ku
k

32

)1(
)(  is one such solution of 

Eqn. (38).   

Example 18. Consider the generalized quasilinear

- difference equation  

  1,0))3(()1(2)2(64

)))((1(

3

1

777

32

)(

72

)(





klkukkk

kuk lala

(39) 

Here ),)1(2)2((64)(,)( 7777 kkkkqkkp    

3

1
,3   . It is perceived that all conditions of 

Theorem 15 are satisfied and thereby each solutions 

of Eqn. (39) is oscillatory. In fact  kku )1()(    is 

one such solution of Eqn. (39). 

This paper has a subsequent remark.    

Remark 19. The results attained in this paper offers a 

partial answer to the problem provided in [22]. 

Further, the results reduce to that of in [24] when

1 .  

V. RESULT ANALYSIS 

This paper proved the classification of non-

oscillatory positive solutions of FOQGDEs which 

holds four types of cases. But to the best of the 

knowledge, no research has discussed the positive 

solution of generalized a - difference equations. 

Utilizing these results, we found that the 

generalized quasi-linear a  - difference equations 

are either oscillatory or non-oscillatory in a simple 

way by utilizing its positive solutions with certain 

conditions. 

VI. CONCLUSION 

We derived the sufficient conditions for 

oscillations of each solution of the FOQGDEs in 

this work. Also, results are validated and proved 

with appropriate examples by using MATLAB.  
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