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Ramanujan recorded different classes of beautiful infinite series in his lost notebook and
presented a relation of these series with Eisenstein series. Shaun cooper established
identities involving Eisenstein series and modular forms and functions of weight one and
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modular forms and functions of weight one and weight two. Also, the convolution sum
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1 INTRODUCTION
Ramanujan, in his paper [14],[17, p. 136-162]
recorded several noticeable theorems involving
Eisenstein series and claims that different classes
of infinite series may be exhibited in terms of
Eisenstein series. Also, in his Lost Notebook [16],

Ramanujan documented certain identities relating
the class one infinite series T, (q), 9=1, 2,...,6
and second class infinite series

U,(g), n=0, 2, 4, 6 8 10with the Eisenstein

n

series P(q), Q(q) and R(q). The first proof of

these six identities for T,, (q) published in a paper
by B. C. Berndt and A. J. Yee [8]. Another

version of these relations presented in a paper by
Z. -G. Liu's[13, p. 9-12]. The remaining Ssix
formulas for second class infinite series U, (q)

stated by Ramanujan, were established by B. C.

Published by: The Mattingley Publishing Co., Inc.

Berndt [9], [10], employing well known Jacobi's
identity, q —series [7] and the differential
equations recorded by Ramanujan [16]. Further,
S. Cooper [6], proved certain identities involving
Eisenstein series of levels 2, 3, 4, 6 and the weight
one and two modular forms and functions.

The present study establishes certain identities

that involve the infinite series T,(q")and U, (q")

for n=2,3,4and 6 and relations among Tz(q”)

for n=1, 2, 3, 4, 6and the modular forms of
weight one and two, deduced by Cooper.Also, this
study provides an adequate method to evaluate
convolution sums, which is achieved by adopting
some of the Eisenstein series relations recorded by
Cooper and Glaisher.Section 2 is dedicated to

record some preliminary results.
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2 PRELIMINARIES
In the upper half plane L={z: Im(z) >0 },with q=e*"", the Dedekind 7 -function is generally represented
by
(D) =q“*I1(1-¢"), |o]<L.

The class one infinite series

r(3r-1) r(3r+l)

T2.<q):=1+i(—1)'{<6r—1>2'q > (oren’q } lal<1(1)

introduced by Ramanujan, in his Lost Notebook [16] and deduced a relation among this infinite series and
Ramanujan-type Eisenstein series defined by

0 . d 0 .
P(a) =124 34— 11249 > log(1-q) (2)
j=1 1_q dq n=1

© j3qj © J5q]
Q(q)::l+24ozl_ jandR(q)::1—504zl_ j
j=1 q j=1 q

forl =1, 2,...,6. Furthermore, B. C. Berndt [10] establish the relation
T,(a) = (4 ).. P(a), (3)

where

iGj-1) iGj+)

@0). = fi= Q)= "9 =] [a-a) =L+ 2 (-Da * +q * }. s

recognized as a famous pentagonal number theorem [7]. Further, Ramanujandocumented the second class
of infinite series in Chapter 16 of his Second Notebook [15], namely

1 ® ) ) iag-n
U,(q)= -D)'*2j-D™q ? ,nel”
(q:q)ijz—ll
where
A I
(q;q)w=§Z(—l)J(21+1)q 2,
j=—o

called the Jacobi's identity [7, p. 39].FurtherRamanujan [16, p. 369] recorded the differential  recurrence
relation for second class of infinite series, namely

U,,,(@)=P(@U, (a)+8qU, (q), rel". (4)
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Later B. C. Berndt [10] proved the identity U,(q)=1 andU,(q)=P(q).Next, we define modular forms

and functions of weight one and weight two, as recorded by S. Cooper [6]. The weight one modular forms

z,,2,z.and z,are studied in conjunction with the modular functions x,, x,and x_ expressed in terms of
Dedekind 7 -functionidentities are listed below:

6 6 6 6
7 7 7 17 7 17 7 1.7
a~ 3 2' % T 3 2'%cT 2 31 Sd7T 2 3"
YPUA s e s
5 4.8 3.9
X _ L1 _Th1s X _ s
a~ 5 ! X, = g 4" T 3 9°
YL 17,173 17,175

The weight two modular forms vy,, vy, , y.and the modular functions w,,w,,w, are listed below:

—qilogx —qilogx —qilogx
ya dq a’ yb dq b yC dq c"

12,12 6,.6

44
s 17,75 7575

W, = LW = LW, =208
oy s nins

Also, in his book [6], Cooper recorded and proved certain identities involving these modular forms,

modular functions and the Ramanujan-type Eisenstein series P(q") for n=1, 2, 3and 6.

Lemma 2.1 [6] The following series expansions hold:

z, 2z, =P(a)-2P(q°), (5)
(z,+32,)* =—P(q) +3P(q°), (6)
2(1+6x,)°z; =-P(q*) +3P(q°), (7)
X3 i 2,2 _ 6
[5_(1+8xa)(1+9xa)} 2,2, =-P(q)+6P(Q°). 8)

Lemma 2.2 [6] The following relation holds:

22 =~ (P(@)-8P(@) +9P(")

22 =2 (-2P(@) + P(¢") + 9P(d")).

1

22 =< (-P(@-P@) +8P(@).

2

1
75 =5, (-P@)+2P(@")-P(")).
Lemma 2.3 [6] The following relation holds:
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(-1+72x¢)7: = (~P(6) + 2P(q") + 3P(d)~6P (")),
(-1+9)7 = (P(@)~2P(4") + 3P(e") ~6P (")),
(-1-8x)z2 = (P(6) + 2P(") - 3P(d") ~6P(q")),
Lemma 2.3 [6] The following relation holds: \

2,2, =~ (-P(@)+2P(q") + 9P(e") ~18P (")),

2,2, = (-P(@)+4P(a") + 3P(e") ~12P (")),
2,7, =~ (5P(@)-2P(6") +3P(¢") ~30P(q")),
2,2, =2 (P(@) ~10P(q") +15P(q") ~6P(@")),

2,2, =5 (P(@) - P(@") ~3P(a") + 3P(A")). 2.2, =~ (P(@)~2P(¢") - () +2P(c)

Lemma 2.5 [16] The following identities hold:
(1-5w,)y, =3P(a°)-2P(q),

(5-w,)y, =6P(q°) - P(q),

(L+16w,)y, = (BP(G") - P(@)),

(L 4wy, =5 BP(a") - P()
@L+27w)y, =2P(d) - P(a).

(1+3w,)y, =2P(q") - P(a’).
Lemma 2.6 [16] The following identities hold:

dy, _ 1 _ 2y 3 6
AW, = == (5P(a) ~14P(q") ~21P(q") +30P(q") ).

a

d b 1 2 3 6
A)wbd—vyvf—g(—P(q)w(q )-3P(q°) +3P(°)),

dy, __1 _ _ 2 3 6
oo~ 5 (P@-2P@)+P(@)+2P@)),

C

AW,

where
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A, =1-34w, +wZ, A =[L1+20w, +64w and A = \[1+14w, +81W2.

3 MAIN RESULTS

Theorem 3.1 For any positive integer n > 2, we have

Tz(qn)+1_1}
@":a").,

Proof First we prove the result for n=2. Replacing qto g®in (2), we obtain

P(q") =1+ nq{

P(Q®) = 1+ 24qdiilog(l—q2”)
q

n=1
- 1+24qdilog(q2;q2)
q

a4

=1+ 24q2 W dq (qziqz)m

On simplifying, we get

(qZ’ q2)OO P(qZ) — (qZ;qZ)OO + 24q2 (;j_q|:1+ i(_l)r{ql‘(Sr—l) + qr(3r+1)}i|

r=1

= (00%), + 240y (1) [r(3r -1)q"“" ) +r@r + 1]

r=1

— (0% %), +203 (<) [(6r 17 ~1)q"® + ((6r +17 + g |

r=1
-29(9%;9%),. +2q
=(a%9%),, +29T,(a*) -2q(9* 9%),. +29.

Dividing throughout by (g*;g?), and then, by rearranging the terms, we deduce the result for n=2.
Similarly, the proof of n>2follows by replacing qto q"in (2) and using the series (1).

Theorem 3.2 For every integer m > 2, we deduce
U, (@™) =1, 9)
U,(@")=P(@"). (10)

ProofThe identity (9) holds by putting n=0and changing qto q" for m>2in (4). The equalities (10)
follows directly, by replacing qto g™ for m>2,and n=2in (4) and using (9).
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Theorem3.3 The following identities among the class one and second class infinite series holds:

1
qT,(9*) - f,U,(a*)+2q (1— f, +5]=0,

39°T,(0°) - U, (@) +3q° [1‘ fs +%) =0,

49°T,(a") - f4Uz(q“)+4q3(1‘ fa +ﬁj =0,

69°T,(q°) - fU,(q°) +6¢° (1— fs +6—:5j =0.

ProofProoffollows directly, by eliminating P(q") between Theorem 3.1 (i)-(iv) and (10) for n=2, 3, 4and
6.

Theorem 3.4 The following equations hold:

2
Tz(q)_4qT2(q )+4q 1_i +(1+27w,)y. —2=0,
fl fz f2

3
T2(@) -9¢9° T.(0) +99° [1—%J+2(1+16wb)yb -3=0,

fl f3 3
4T2(q2>_9qn<q3>+9q(1_1]_2£1_1j+w_1:o
f, f, f, f, q q

6
T 360 L), 36971 14 L |4 (5-w,)y, ~6=0,
fl f6 f6
f, f, f, f, q q
Tz(qs)_4q3T2(q6)+4q3 1_i _ 1_1 +(1+3W°)y° — 1 =0.
f, f, f, f, 39° 3q?

Proof These identities follows directly by employing (3), Theorem 3.1 (i), (ii) and (iv) in Lemma 2.5.

Theorem 3.5 The following series expansions hold:

2 3
TZ(q) _16q Tz(q ) + 27q2 TZ (q ) _27q2 1_i —16q 1+i +1—ZZ§ — O’
fl f2 f3 f3 f2

2 6
L@ (@) 7Tl gaqs(1- L |4 q[1-L |-822 =0,
fl f2 f6 f6 f2
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3
TZ(q)_zlquZ(q )—21q2 1—i 622 +7=0,
f, f fs

3

2 3 6
LACRIPACHIPPRAC )_6q3(1_3}3({1_;}_[1_1}2Z;:0_
f2 f3 fﬁ f6 f3 f q

2

Proof Using (3), Theorem 3.1 (i), (ii) and (iv) in Lemma 2.2 and then

rearranging the terms and
simplifying, we arrive at the required result.

Theorem 3.6 The following relations hold:

2 3 6
5T2f(q) 2802 fcq ) _3q2 12 iq ) 11808 2 Ecq ) _180¢° [1—%)
1 2

3 6 6

1 1 dy
639°| 1-— |+28q|1-— |-24Aw, 22 -5=0,

3 2 a

2 3 6
Tzf(q)—Zquiq ) o Tz(fq ) 19T )+18q5(1_ 1 j
1 2 3

6

1 dy
-9¢°|1-= [+2q| 1-— |-6AW, 2 ~1=0,
g ( f3j+ q[ fzj AW aw,

L@, , T0@) .. .1@) ., T 1
f +44q 3 -3¢° -12¢° ; +12¢° [1 fj

6

f3

6

+39° -1 —4q 1—— 8A:W =0.
f3 2

C

6

Proof On using (3), Theorem 3.1 (i), (ii) and (iv) in Lemma 2.6 and then simplifying, we deduce the
required result.

Theorem 3.7 The following equality holds:

T 3 To0) e Tol) | 360 To(0) 5o [1_ij
f

fl f2 f3

6

+99° (l_fij +4q (1—%} -2(1-72x%)z2 +1=0,

3 2

2 3 6
TZEQ)“‘QTZ(fq )+9q2TZE=q ) _3pqe 1200 )+36q5[1‘%
1 2 3

6

-9¢? [1—%]+4q [1—%]+4(1—9x§)z§ -5=0,

3 2
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2 3 6
L@, 4qTe@) g To0) 560 Tal0 )+36q5(1_%
f, f, f, fe fe

+9¢° (1—%]—4q [1—%j+6(1+8xf)zf —-4=0,

3 2

2 3 6
T2 (q) _4q T2 (q ) _ 27q2 T2 (q ) +108q5 T2 (q ) _108q5 1_i
fl f2 f3 fG f6

+27q° (1—%]+4q [1—%J+8262b +7=0,

3 2

2 3 6
f f, f, f, f,

+99° (1—ij +80 (1—iJ —-62,z, +5=0,
f3 f2

2 3 6
fl f2 f3 f6 fG

-39° (1—%J+4q [1—%}—242,02c —-29=0,

3 2

fl f2 f3 6

6

(D o Te@) | 45 @) 50 T0) | 3 [1_i]
f f

—45q2(1—%J+20q(1—fij+24zazd ~1=0,

3 2

2 3 6
ngq) _2q ng:q ) _9q2 ng:q ) +18q5 TZ(q ) _18q5 (1_ij
1 2 3

6 6

+9q° (1—%) +2q (1—%} +247,2,-1=0,

3 2

2 3 6
TZ (q) _4q T2 (q ) _3q2 T2 (q ) +12q5 T2 (q ) _12q5 1_i
f, f, f, f f

6

+3¢° (1—1] +4q [1— i] +24z,2,-1=0.
f3 f,

6

Published by: The Mattingley Publishing Co., Inc.
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Proof Using Theorem 3.1 (i), (ii), (iv) and (3), in Lemma 2.3 and 2.4 and then rearranging the terms and
simplifying, we arrive at the required result.
4 APPLICATION TO CONVOLUTION SUM

Definition4.1For a,b (1 ,the convolution sum is defined by

Up(m:= D) ali)o(i),

ai-+bj=m

where a<band for any I,mel], o,(m) =Zu' and o,(m)=0for mell.For every nonnegative m,the

u/m

convolution sum z o(r)o(s)has been assessed explicitly for s =1-9,12,16,18and 24, by A. Alaca et.

r+ks=m

al.[1-5] and K. S. Williams et. al. [18,19]. Also E. X. W. Xia and O. X. M. Yao [20] have determined the
illustrations for Z o(r)o(s)and z o(r)o(s).Our proofs are simple and elementary andkeys to our

r+6s=m r+12s=m

proofs are the claims of J. W. L. Glaisher[11,12],

P2(q) =1+ i(24oag(|) _288la(1))q'. (1)

1=1

Theorem 4.2 For anyn e[] —{0}, the following identities hold:

) 1 n 5 n 1 n 13 n
) & oo =—50 (5)‘% “3(5}5"0(5)‘@”“(5]

5 n
3 03( j (gj—mwm B(n)+3C(n)]

i) ¥ o)o) -0 @ s a[gj—%a{g}ina[gj
) el el
12 6 36 192 12
1 13 1 1
—§B(n)+EC(n)—ﬁD(n)+4E(n)—ZF(n),

where

S AMA =24, SBMA = (2,-22,)%, Y.CM)" = (2,+32,)", YDA = A-72x0)°2

S n_ 4,4 2,22 X, i 2.2
;E(n)q _(1+6Xa) Za' ZF(n)q _(5 W) szc _|: (1+8Xa)(1+9xa):| szc'

Proof i) On squaring the first identity of Lemma 2.2, we get

P?(q) +6P*(g°) +81P*(q°) —16P(q)P(q*) +18P () P(q*) ~144P(q*)P(q°) = 4z..

Published by: The Mattingley Publishing Co., Inc. 7520
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Now employing (11) and the definition of P(q')and then comparing the coefficients of ", we obtain

485(n) - 72no(n) + 9600[2) 138400, (gj _2304nc (gj 148600, (gj —1944n0(g)

7560(%)—2304 Y o(r)o(s)+2592 > o(r)o(s)+20736 Y. o(r)o(s)=A(n), (12)

r+2s=n r+3s=n 2r+3s=n

where
> A" =z,
n=1

On squaring (5), using the identity (11) and employing the definition of P(q')and then comparing the
coefficients of g"on either sides, we deduce

3 o(r)o(s) = 2 o (M= no(n) +~no, (ﬂj—lna[ﬂj

= 48 8 12 7%2) 722
1 (n) 1 1
2o ML oy ———B(n). 13
240[2j 227 2304 B 43

where
> B = (2,-22,)"
n=1

On squaring (6), utilizing the identity (11) and employing the definition of P(q')and then comparing the
coefficients g" on either sides, we derive

5 2000470+ S0t 2o{3)-Loe(2)
5 n 1
gl (5] “gea (14)

where
D C(n)g" =(z, +3z,)".
n=1

Now substituting (13) and (14) in (12), and on simplifying, we obtain the required result.

i)  On squaring the first identity of Lemma 2.3, we obtain
P*(a)+4P*(a”) +9P*(q) +36P*(q°) —4P(a)P(q”) —6P(aP(q*) +12P(a)P(q°)

+12P(q*)P(q°) — 24P(0*)P(q°) = (1-72x2)*z; .

Published by: The Mattingley Publishing Co., Inc. 7521
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Now utilizing the identity (11), employing the definition of P(q')and then comparing the coefficients of
q",we deduce

600, (n) — 72n(n) + 2400, ( 2) 144n0'( : j +5400, ( gj

—216n0'[ j+21600'3( j 432n0'( j 120(n)+960—[ j
3 6 6 2

+1800'£%j+2880'(gj—576 3 o(no(s)-5184 3 o(r)o(s)

r+2s=n 3r+6s=n

-864 Z o(r)o(s)+1728 z o(r)o(s)+1728 z o(r)o(s) —3456 Z o(r)o(s)=D(n).

(15)

where
S D(M)" = (L-72x2)°2
n=1

Squaring (7), using the identity (11) and employing the definition of P(q')and then comparing the
coefficients of ", we deduce

zé_fw=%Gs(%J-Z—ZMG%SG{EJ-%“G(%J

1 n 1 n
where

S E(n)q" = (1+6x,)° 2°
n=1

Squaring (8) using the identity (11) and employing the definition of P(q')and then comparing the
coefficients of ", we arrive at

rgna(r)a(s)—%%( )—ina(n)Jrja{gj—%na(gj
1 1 (n) 1
+za(n)+ﬂ (EJ—@F(n). @an
where

n_ e Xa 2 2.2
;F(n)q {5 (1+8xa)(1+9xa)} fole:

Substituting Theorem 4.2 (i), (13), (14), (16) and (17) in (15) and simplifying, we arrive at the required
result.

Published by: The Mattingley Publishing Co., Inc. 7522
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