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A single server priority retrial queuing system with finite number of working vacations is
described. By using the supplementary variable method technique (SVT), the steady state
probability generating function of the orbit size and system size is obtained. Some analytic
expressions like steady state probabilities, mean length of orbit and system are found.
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I. Introduction

In queueingliterature, vacation queues and retrial
queues are associated with various type of
customers discussed by many authors (Artalejo and
Corral [1]).The concept of priority customers and
working vacations are discussed in detail by many
authors. Recently, Wu and Lian[7], Gao[4],
Chandrasekaran et al. [3]Jand Rajadurai [5]. This
work has been extended from the work of Gao [4]
by incorporating the concepts of finite number of
working vacations and vacation interruption. This
model finds the practical application of computer
processing systems in particular CPU scheduling. A
Process Scheduler schedules different processes to
be assigned to the CPU based on particular
scheduling algorithms. Priority scheduling is a
method of scheduling processes based on priority.

1. Description of the model
Apriority retrial queueing system with finite

number of (J)working vacations is considered. In
this work, we extend the work of Sundararaman et
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al. [5] and Gao [4] with concept of priority models
and WVs.

Where, the inter-arrival times has an arbitrary
distribution R(t) with Laplace Stieltijes Transform
(LST) R'(9), the service time of ordinary/priority

customers follows a general function s, ands,(t)
with LST s;(9) ands;(9) and the moments are g® and
@, in working vacation period, the service time
follows a general distribution function s, (t) with

LST A:¢9) and its moment AZ'(H):.[xe’”dAA(x).

0

I11. Steady state probabilities

The steady state equations and solutions are
developed in this section.

3.1.The steady state equations

Here, assume that A;j(0) = 0, Aj(e0) = lare continuous
at x = 0 and y = 0. Then the functions aij(x) (i =
1,2,3,4) the hazard rates for repeated trials, priority,
ordinary and low rate service respectively.
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The a bivariate Markov process {cw),n(), t=0} and the
Markov chain {7z ;neN} is Ergodic, and then
satisfies the condition if and only if p < A (1 +6) for
system to be stable, where

p= z{&;&{}’E(A +6) +(Af(/1 +8)+ AN (A +c’>‘)) O (L+ 5/3,&”)}

ie, a(x)dx=

3.1 Steady state equations:
“Using SVT to get,

(A+8)Py =6Q; 4 (3.2)

(2+6+0)Q= I T, o (X)ay (X)dx + J' T, o ()2 (X)d + j Quo ()2 ()i
0 0 0

(3.2)

(A+6+6)Q=0Q 1, +J‘Qi’0(x)a4 X)dx, (i=12,...,d)
0
(3.3)

dHl,n(X) (3'4)

+(A+5+a, (X)), (x) =0, n>1

dHZ,n(X)

™ +(A+a,(X)) T, (X) = AT, 4 (x), n21(3.5)

aH?),n (X, y) n

o (A+a,(X)T5, (X, y) = ATy, 4 (X,y), N1

(3.6)

dnA,n (y)
E—

& (A+8+ag(y) Ty n(y) = Ally 4 (Y)

o (3'7)
+J-l‘[3’n (X, y)a, (x)dx, n>1
0

dQ;n(X) +(A+0+3,(0)Q (0 = 4Q 1 (x), N>1

o (3.8)

The steady state boundary conditions are at x = 0
andy =0 are
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My (0) = [ 11,0002, (0 + [ T3, (y)as (y)dy
0 0

+ iTQL“ (x)a, (x)dx, n>1.

i=1 o
(3.9)
M50 (0) = 5[ 11y, (), n>1.
0
(3.10)
HS,n ©O,y)= éHZ,n(y)x n=0.
(3.11)

J
Qo(0)=(1+8)D) Qoi=12..,9)

i=1

(3.12)

J ©

M, ,(0) = [J.l'llyn+l(x)al(x)dx+ 0 J.Qi’n (x)dx + zj'nlyn (x)dx}, n>0.
0 0

i=1 o
(3.13)
The normalizing condition is
J oo ®© o [© e
Pt Qory | Hl,n(x)dx{[ [man00scs | H4,n(y)dy]
i=1 n=lo n=0{ o 0 (314)
0 J © 0000
+Z[ Jeuntoc [ 115y |-1.
n=0{ i=l o 00

3.2.The steady state solutions of the model

To solve the above equations, we define the
generating functions for |z| < 1, as follows:
2= Y 1,02 Qwa)= Y 0,01

Multiplying the equations (3.1) - (3.14) by z" and
summing over n, (n = 0,1,2...) and solving the
differential ~ equations we  getthe limiting
probabilities IT(x,2) and Q;(x,2).

Results: If the system in stability condition, then
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(1) The PGF of orbit size when server is idle,

— J
. AI(A+5)[ZP0(AA§(A3(z))+552(1(1—z))—(ﬂ+5))+Zz(ﬁ+5)Qi,o[V(z)A§ (As(z))+A:(A4(z))—1}]
l'll(z):jl'll(x, 2)dx = - * BEE .

) z—(m(A+5)(A2(Az,,(z>))—(mz+5)+AzAi(z+5))Ag(A3(z))

(3.15)

(if) The PGF of orbit size when server is busy on priority customers,

J
’ (1—A§(A3<z)))x5[Po(z—N(A+5)A§(As(z>))+(ﬂ+5)zZQi,o[V<z)A§(A3<z))+AZ(AA(z))—l}]
M,(2) = I 1, (x 2)d = _ EE—
g Ag(z)x{z—(&Af(z+5)(A§(Az(z))))—(AI(z+5)mzAI(M))A;(Az(z))}

(iii) The PGF of orbit size when server is busy on preemitivepriority customers,

(3.16)

(1- A (A@))1-A (Ag(z)))xa[Po(z—AI(A+5)A;(A3<z>))+(z+a)z2Qi,o[V(z)A;(A3<z))+AZ(Mz))—l}j

My(2) = j TTy(x 2)dx = (3.17)
0

A@x2~(02K G+ (D)) (A +6) + 222 +0) | (A0)|
(iv) The PGF of orbit size when server is busy on ordinary priority customers,

J — J—
* (z+5>ZQi,OV(z){A§(A5(z»(z—(Af(z+5)mzAI(m6)))—5A;<A2(z»A:(z+5)—(A:(A4(z))—1)}
CAB@) T

H4(2):TH4(X’Z)dX: +P0AI(A+5)(1—<5_A;(A2(z»—(AZ(AAz)»—l)) _ | 318
; - (o2 R ) K 401+ 12K 4055 (A1)
(v) The PGF of orbit size when server ison working vacation
Qi(z):{(“‘?v(z) Qm}, for (i=1.2,...) (3.19)
(vi) The probability that server is idle,

By using this relation, ¢, +>"q,+> mw+> ewm-1

A(p)0+8[iQi,o]:AI<ﬂ+5>—p p=2{0BP K140+ (R (1+0)+ 2K (1+0)) A0 L+ 58|

R (A (2)) = 2B @) s mop () L AA@) L 3o p () S 1ABE) oy_agy A @)= a0y v

A0 A A @)= @)+ s (A )

(689 + 250 A+ 3) | A (2+5) POBY (54 40 (K (2+0)+ 1K (2+9)) 2K, 0)
A= +[1+ A (A+6)4 él)(l+5,8,§1’)JE(/1+5) B=(1+0) l{gmme)} ]

+A (24 8) B -0 + K (A +6)6BY -1 A0 B AO) 4 sk oy 0K e

—AN (A +6)
(vii) The PGF of the number of customers in the system
K,(2)=P, +ZJ:QL0 +H1(z)+ZAZzHi(1)+ZJ:Qi =1 (3.20)
(viii) Tr::e PGF ofl;zhe nur:ber of customers in the orbit
K,(2)=P, +ZJ:QLO +n1(z)+2ni(1)+iqi(1)=1. (3.22)
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1V. Performance measures [2]. Arivudainambi, D., Godhandaraman, P. and
Rajadurai, P. (2014) Performance analysis of a
. . . single server retrial queue with working vacation’.
probabilities for idle, busy and on working OPSEARCH, Vol. 51, No. 3, pp. 434-462,

vacations. [3]. Chandrasekaran, V.M., Indhira, K., Saravanarajan.
M.C. and Rajadurai, P. (2016) A survey on working
vacation queueing models, International Journal of
o ) d Pure and Applied Mathematics, Vol. 106, pp. 33-41
The mean orbit size (Lg) is L, =Ko =lim-— K, (2) [4]. Gao, S. (2015) A preemptive priority retrial queue
with two classes of customers and general retrial
times, Operational Research, Vol. 15, No. 2, pp.

From eqgns. (3.15) — (3.21), put z—1 we get the

J
P = P(U; I, =1, (0); T, =T1,0); TT, = [,(0); Ty =TT, @)

i=1

The mean system size (Ls) IS L, = ki) = Iiml%Ks(z)

The mean waiting time in system (Ws) and orbit 233-251

(W) are” L, = A, and L, = AW, [5] Rajadurai_, P. (201_8). Sensitivit_y an_alysis of an

M/G/1 retrial queueing system with disaster under

V. Special cases working vacations and working breakdowns,

Case (i):Let 6=0 and J = oo. This model reduced to RAIRO- Operations Research, Vol. 54, No. 1, pp.
the results of ofGao [4]. 34-55.

[6] Sundararaman, M., Rajadurai, P. and Narasimhan, D.
(2018). An M/G/1 retrial queueing system with at
most J number of working vacations, International

V1. Numerical Examples Journal of Pure and Applied Mathematics — Vol.

We presented some numerical examples using 119(6), pp. 151-159. . _
MATLAB software for some system performances. [7] Wu, J. and Lian, W. (2013). ‘A single-server retrial
We considered the arbitrary values to the G-queue with priority and unreliable server under
e Bernoulli  vacation schedule’.Computers  and

parameters such that the steadystate condition is . o
- . Industrial Engineering. Vol. 64, No. 1, pp

satisfied. Figure 1show that the queue length (L)

increases, if the value of arrival rates ¢ and 4 is

increasing. In figure 2, the server’s idle (Po)

increases for increasing the value of p, and a.

Case (ii): Let (0, ) — (0, 0) and J = 0. This model
reduced to the results of Arivudainambiet al. [2].

VII. Conclusion

In this work, an M/G/1 retrial queueing system
with priority customer under J working vacation is _
considered. The PGFs of the number of customers S 07 e 0
in the system are found by using the SVT. The Figure 1.Lq versus A and &
average queue length of orbit and system also
obtained. System performances are validated with
the help of numerical examples. The novelty of this
work is both single WV (J=1) and multiple WV
(J=0) in presence of priority retrial queueing
system. Practical application of this model is in a
priority scheduling algorithm and Wired Network.

Refe rences Lower speed senice rate (4,) v Retrial rate (a)
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